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Unit IT : BASICS OF COUNTING

2.0 Basics of counting:
In many situations of computational work, the techniques of counting is essential. The two

basic rules of counting are ‘sum rule’ and the ‘product rule’.

2.1 ;

1. The sum rule: (Fundamental principle of addition) Suppose E, and E, be two events, to
be performed. If the event E, can be performed in ‘m’ different ways and the event E, can
be performed in ‘n’ different ways and if these two events cannot be performed
simultaneously, then one of the two events (E, or E,) can be performed in (m + n) ways. .
In general if the events E,, E,, E;, ..., E, are ‘n’ events can happen respectively in m,, m,,
m;, ...m, ways such that no two of these events can be performed at the same time, then Eo/ \

number of ways of the happening of one of the events (EiorE; or E; ... or E,) can be ,
performed in (m, + m, + m; + ... + m,) different ways.
lllustrative Examples:
Example 1: In a class there are 10 boys and 8 girls. The teacher wants to select either a
boy or a girl to represent the class in a function. In how many ways the teacher can make
the selection. ,
Solution:
The teacher is to perform either of the following two operations

LY

(i) Selecting a boy among 10 boys and
(ii) Selecting a girl among 8 girls
The first of these can be performed in 10 ways and the second in 8 ways. Therefore by sum
rule either of the two operations can be performed in (10 + 8) = 18 ways. ‘
Example 2: A small library has 15 books on Mathematics, 12 books on Physics 10 books
on Electronics and 14 books on Computer Science, A student wishes to choose one of the
books for study. The number of ways the student can choose a book from the library is
(15 + 12 + 10 + 4) = 41 ways.
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2.2
2. The product rule: Let E, and E, b, two events which are to be performed one after the

other. If E; can be performed in ‘p different ways and for each of these ways E, can be
@m_‘mo::ma in ‘n’ different ways, thep, both of the events can be performed in mn different
ways.

In general if the events E,, E,, E;, +++» Eq are such that E, happens in m ways, E, happens in
m, ways, ... E, happens in m, Ways. Then the event E, followed by E, followed by E,...

followed by E, in a sequential order happens in m, my, m;... m, ways.

lllustrative Examples:
Example 1: Suppose a cricket ground has 3 entrance gates and 4 exit gates. A person can enter
and leave the ground in 3 x 4 = 12 different ways.
Example 2: There are 6 shirts and 5 pants with a student. In how many ways can he go to
" the college with different combination.
Solution:
With each shirt the student can wear any one of the 5 pants resulting in a different combination.
Since there-are 6 shirts in all, the number of different combinations = 6 x 5 = 30.
Example 3: Suppose a boarding hotel sells 5 south Indian dishes, 3 North Indian dishes,
3 hot beverages and 2 cold beverages. For breakfast, a person wishes to buy 1 south
Indian dish and 1 hot beverage or 1 North Indian dish and 1 cold beverage.
Solution:
The person can have the first choice in 5 X 3 = 15 ways and the he can have the second choice
on3 X2 =6 ways.
The total number of ways the person can buy his breakfast in 15 + 6 = 21 ways.
Example 4: A bit s either 0 or 1. A byte is a sequence of 8 bits. Find (i) the number of
bytes (ii) the number of bytes that begin with 1 1 and end with 1 1.
Solution; :
@ Given a byte contains 8 bits and each bit is 0 or 1 (two choices), the number of bytes is

2 =256
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) Pigeonhole principle:
i) In a byte beginning and ending with 11, there occur 4 open positions. These can be filled in 2.3 The Pig p p
e b hich begin and end with 1 1 Recall: Let A and B, be two non empty sets, with |Al = m, IBI = n. I Al = IBI then f: A — B has
A are 16 bytes whic in and en . e
i e ._.sﬂnmo”a”, n.”n bers can be formed from the digits 1, 2, 3, 4, and 5 a one-one correspondence. (one-one correspondence means the function is both one-one and
Example 5: How many git num s > )
igits i onto)
assuming that (i) repetition of the digits is allowed. n
(ii) repetition of the digits is not allowed. '
Solution: ) I
(i) Repetition of the digits is allowed.
There are 5 digits namely, 1, 2, 3,4 and 5. A B
g : . ~ . If IAl > IBI, then f: A — B is such that at least two different elements of A have the same image
in B.
Every digit can be selected any number of times. Hence we can select first digit in 5 ways, f
the second digit in 5 ways and the third digit in 5 way. By product rule total number of '

possibilities of forming a 3 digit number is 5 X 5 x 5 = 125 ways. "

(i) Repetetion of the digits is not allowed:

Under the restriction, the first digit can be selected in 5 ways after the selection of the first % B
digit second digit can be selected in 4 ways and the third digit in 3 ways. By product rule, . Lo
total number of three digit numbers = 5 x 4 x 3 = 60 ways. ie., th .
This concept which is already discussed leads to the “Pigeonhole principle.” E
EXERCISE:
1. A coin is tossed 3 times and the outcomes are recorded. How many possible outcomes are The Pigeonhole principle: .
there. If ‘m’ Pigeons occupay ‘n’ Pigeonholes and if m > n then atleast one Pigeonhole contains
2. How many four digit numbers can be formed using the digits 1, 3, 5, 8 and 9, the repetition two or more Pigeons in it. in
of the digits are not allowed. , es
3. Find the number of (i) 2 digits even numbers (ii) 2 digit odd numbers. ; Generalization: . w
4. How many 3-digits numbers can be formed by using the digits 2, 3, 4, 5, 6, 8 if The following is an extension/generalization of the Pigeonhole principle.
(i) repetetions of the digits are allowed. If ‘m’ _v‘mmoo,:m occupy n Pigeonholes m > n then atleast one Pigeonhole contains 3 e
(ii) repetetionsof the digits are not allowed. ﬁa -1 u +1 Pigeons
; n
ANSWERS: Proof: We prove this principles by the method of contradiction.
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m-1). . :
M~ 141 or more Pigeons. This means thy
S every

A ains
Assume that no Pigeonhole conta ﬁ r

HH\_W or less number of Pigeons.
. _:L A 1:
Then. total number of Pigeons <n "

cause the total number of Pigeons is m. Hence our assumption
is

Pigeonhole contains H "

Which is a contradiction, be
wrong and the principle is true.
As a simple application of the above principle, note that
(i) if 8 children are born in the same week, then two or more children are born on the same day

of the week.
(i) if 32 children in a school have their birthdays in the month of August, then atleast wq

children will have their birthday on the same date of the month as August has 31 days.

WORKED EXAMPLES:

Example 1: Let ABC be an equilateral triangle whose sides are of length one unit. Show

that if any five points are chosen lying on or inside the triangle then two of them must be
1

not more than M unit apart.

Solution:

B
D C

Let ABC be i a N
an equilateral triangle. D, E, F are mid points of BC, AC and AB respectively. The

lines DE, EF and FD divid i i
itow ides the triangles ABC into four equilateral triangles with each side
7 unit since AB = BC=CA = | unit.

“Now applying Pigeonhole principle

Number of points (m) = 5 (number of Pigeons)

P\.

. Discrete structures
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Number of equilateral triangles (n) = 4 (number of Pigeonholes)

According to the generalized Pigeonhole principle one of the Pigeonholes must contain atleast

B|_ . . u_
h\ﬂlu+_ ?mﬂosw._.a; h 2 u+_|~ 1_moo=m

Therefore atleast one of the four small Ee_m_mm contains atleast two points. (Py and Ps)
Distance between Py and Ps is less than _m unit and it will be equal to .3 unit if P, and Ps
2 P

coincide with any two vertices of the triangles DEF. Hence the result.

Example 2: Let ABC be an equilateral triangle of side 1 unit. Show that if we select

10 points in the interior of the triangle, there must be atleast two points whose distance

1 .
apart is less than 3 unit.

Solution:

Let ABC be an equilateral triangle each side is equal t 1 unit. i.e., AB=BC=CA=1unit

10" point may be in any of the 9 triangles
A

/N
PAV N
>4>4> c

AB, BC, CA are trisected to form 9 equ

B
ilateral triangles, with each side is equal to W unit.
Number.of points = m = 10 = Number of Pigeons

Number of small equilateral triangles =1 = 9 = Number of Pigeonholes.

Applying the generalized Pigeonhole principle one of the Pigeonhole must contain E

“Pigeons.

._.o.. ﬂ_ool_u‘f_lw ?mnosw




Basies of counyyp,
9

98
riangles contain atleast two points. The distance b
Qénoz

Therefore atleast oné of the 9 small t
.sosc_.aiﬁ less than . unit, since the length of any side of the small triangle is w A
s is les % |

3

00 doors, show that atleast 12 doors will i,
ave

3: If 9 colours ar¢ used to paint 1

Example
the same colour.

Solution:

By data, number of doors = 100=m= number of Pigeons.

Number of colours used = 9 = n = Number of Pigeonholes.
Using the generalized Pigonhole principle that atleast one of the colours must be assigned
S o

e 9 O
b +1= mli =12 or more doors.

+1=
9 9

m-|
n

Example 4: If 5 colours are used to paint 26 houses prove that atleast 6 houses will have

the same colour.

Solution:

Number of houses = m = 26 = Number of Pigcons

Number of colours used = n = 5 = Number of Pigeon holes.

Using the generalized Pigeonhole principle that atleast one of the colours must be assigned to

m-1), _(26-1 25
u +1=| =+1|=5+1=6 or more houses.

n 5 5

Example 5: Shirts numbered consecutively from 1 to 20 are worn by 20 students of a
mn_»mm. “S_m.: »:.z 3 of these students are chosen to be a debating team from the class, the
’ om these 8 we may form atleast two different teams having the

same code number.
Solution:
The number of teams comprisi
prising 3 students out of 8 selected i
g ' ) . ) P elected is equal to
P T(8=3)131 513 SiBxaxt) 0

CA- Discrete structures
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B
According S.Su way in which the code number of a team is determined, note that the
smallest possible code number is | + 2 + 3 = 6 and the largest possible code number is

18 + 19 + 20 = 57. Thus the code numbers vary from 6 to 57. The set comprising code numbers i
={6,7.8,...57} = 52. Possible number of teams = m = 56 = Number of Pigeons. Possible

number of code numbers = n = 52 = Number of Pigeonholes.
Using the generalized Pigonhole principle one of the Pigeonholes must contain atlest

m-1),| pigeonsie., 36-1

n 52
us we observe that atleast 2 different teams will have the same code.

+1=(1.06)+1=1+1=2

Th
Example 6: An office employs 13 clerks. Show that atleast two of them will have birthdays

during the same month of year

Solution:
12 = number of

Clerks in the office =
sing the generalized Pigeonhole princi

m = 13 number of pigeons. Months in the year =n =
ple one of the pigeonholes must contain

Pigeonholes. U

g ) Jgallo= =2 =112
n 12 12 1 &
Thus we conclude that atleast 2 of the Clerks in the office will have birthdays during the same L
month of the year. vith
Example 8: Show that if 7 numbers are selected from 1 to 12, then two of them will have
their sum equal to 13.
Solution:
LetA={1,2,3,..., 12} Two numbers from A adding to 13 are the sets s ik
A, ={112}, A, ={211}, A, ={3,10}, A, ={4.9}. A ={5.8), A, =167} i
These are the only sets containing two numbers from 1 to 12 whose sumis 13. “<..“=
Since every number from | to 12 belongs to one of the above sets, each of the seven numbers )
the seven chosen numbers 2 |

(6 + 1) chosen must belong to one of the six sets. Evidently two of
ng their sum equal to 13 (according to the Pigeonhole

should belong to the same set havi

principle).




Basics
100 of OO:J:_._Q

Example 9: Show that if any (n + 1) numbers from 1 to 2n are chosen, then two of ¢,
i m

will have their sum equal to (20 + 1)

Solution:

LA 1908 (-1D,n @+ 1), ..., 2n). Two numbers from A adding to (2n + 1) ape "
22,3, ) G

sets,
A, ={1.2n),A,={2.20-1). A, ={3,20-2}-
>=L .Ilm:l_. =+N~. >._ HTE =+:

These are the only sets containing two numbers from 1 to 2n whose sum is (2n + 1).

Since every number from 1 to 2n belongs to one of the above sets, each of the (n + 1) numbers

chosen must belong to one of the Sets. Since there are only ‘n’ sets, two of the (n + 1) chosep

pumbers have to belong to the same set according to the Pigeonhole principle. These two

numbers have their sum equal to (20 + 1)-

EXERCISE:
1. Show that among one lakh people atleast two people are born at the same hour, minute and
second. :\ .

2. Six books each of Physics, Q:%:L,_, science, Zm%nammnm and four books of Economics
totally contains 12225 pages. Find the least number of pages contained in a book.
3. Show that a research paper in Mathematic j i -
s subject having 48 pages comprising
5722 words, one of the page should have atleast 120 words. .
4. Prove that in a set of 13 children atleast two have birthdays during the same month.

5. If seven c
ars carry 26 passengers, prove that atleast one car must have 4 or more
. passengers. .

6. Prove that i i ies in a li i
e a _m. 30 dictonaries in a library contain a total of 61,327 pages, then atleast one of
the dictionaries must have atleast 2045 pages.

7. Prove that i
LN e that in any set of 29 persons atleast five persons must have been born on the same
day of the week.

8. Show that if
. any 6 numbers from 1 to 10 are chosen, then two of them have their sum equal

BCA - Discrete structures 101

9. A bag contains many red marbles, many white marbles and many black marbles. What is
the least number of marbles one should take out to be sure of getting atleast six marbles of
the same colour. : Ans: 16
10. Show that if 50 books in a library contain a total of 37551 pages, one of the books must

have atleast 752 pages.

2.4 Permutations and Combinations:

Introduction: The concept of ‘Permutations and n,uo.-_—.w:m_zo:w can be traced back to Vedic
period. The credit however goes to the Jains who treated its subject matter as a self contained
topic in Mathematics under the name ‘Vikalpa’. Among the Jains ‘Mahavira’ (850 AD) is
perhaps  the worlds first mathematician credited with providing a general formula for
Permutations and Combinations.

In the 6" century ‘B.C. Sushruta’ in his medicinal work ‘Sushruta Samhita’ asserts that
63 combinations can be made out of 6 different tastes taken one at a time, two at a time etc.

‘Pingala’, a Sanskrit scholar around 3" century B.C. gives the method of determining the

number of combinations of a given number of letters taken one at a ime, twO at a ime etc in
his work ‘Chhanda Sutra’. ‘Bhaskara charya’ (1114 A.D) treated the subject matter of
‘Permutations and Combinations’ under the name ‘Ankapash’ in his famous work
‘Lilavathi’. He has given several important theorems and results in addition to the general
formula for "P, and "C,, already provided by ‘Mahavira’. Swiss mathematician *Jacob
Bernouli’ (1654 — 1705 A.D) has given 2 complete treatment of ‘Permutations and
Combinations’ in his book Ars conject andhi’ (Posthumously published in 1713 AD)

Factorial Notation: ! ¥
The continued product of first ‘n’ natural numbers is called ‘factorial n’ and is denoted by the i
symbol n!or |n. :

Thus n!=1-2-3-...(n—1)n orn!=n(n- ) (-2)..32.1 ¥.
Deductions; 1 = 1! Ix2=2lor1-2=2! 1.2:3-4=4!

Note: By definition 0! = |
In particular 5=5-41=5-4:31=54-3:21=5:4.3:-2:1
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or a natural n,
P -t

Factorial is defined only for whole numbers.

WORKED EXAMPLES:

.m.é:.v_a 1:

Evaluate (i) 4! (ii) 6! (iii) 6! - 5!
Solution:

(i) 41=4-3-2.1=24
(ii) 6!=6-5-4-3-2:1=720
(iii) 6= 5!= 720120 = 600

] ]
o.ébnu mx.\xo.nWo.nmm

Example 2:
. 1 1 x
U] :.N_.Avm.mum find x

(i) Is 3! +4!=7!

Solution:
i ey B
(1) W|_+|.~IWIM
= s +|WI.HW
8-7-6! 8.7 8!
—4 M.TWH.\MI
8 8 8
56+8 x
= == =
8! m_Ux|aA
(1) 344! 7!

Because LHS 3-2-1+4-3.2.] =6+24=30
RHS 7!= 7.6:5-4-3.2.1=5040 LHS # RHS

Basics of oo::._:a

(n-2)(n=3)!'=n(n-1)(n-2)..3-2.]

8!
6! 2!

(iv)

BCA - Discrete structures
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2.5 Permutations:

Suppose we have three objects A, B and C, we are asked to select two objects at a time. The

selections are AB, BC and AC. Thus the number of ways of selecting two objects out of the

three given objects is 3. Now each of these selection can be arranged in two different ways and
we get the following arrangement, AB, BA; BC, CB; AC, CA.

Thus we get six arrangements.

So the number of arrangements of three different objects taken two at a time is 6. From the

above discussion, we came to know that we have two types of classification of objects or things

namely
(i) Selection and (ii) arrangements
Selection of objects is called combinations and the arrangements of objects is called

permutations.
First we shall study about ‘permutations’ then go to ‘combinations’.
Definition: A permutation is an arrangement in a definite order of a number of objects

taken some or all at a time.
Note: We use the symbol "P or P(n, r) to denote the number of permutations of ‘n’ different

things taken ‘r’ at a time. (n € N,0<r<n)

Formula for "P,:
Permutations when all the objects are distinct:

Find the number of permutations of ‘n’ different objects taken ‘r’ at a ime. (0 < r<n) (and the

objects do not repeat)
We have ‘n’ distinct objects and wish to arrange ‘r’ of these objects in a line. Since there are ‘0’

ways of choosing the first object and after this is done, we are left with (n — 1) objects. Now the

second object can be chosen in (n —1) ways, third in (n — 2) ways and so on and finally

(n = (r 1)) ways of choosing the ™ object. Now by product rule of counting (studied in the
preceding section) that the number of different arrangements or permutations is o (n — 1)
(n=2)...(n-(r- 1)). This number is denoted by "P. or P(n, r).

This expression can be modified as follows:
"P =n(n-1)(n-2)..(n=(r-1))

vith

s in
ices

ven

:,,,co
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el n!

a(n=1)(n-2).(a=(r-1)(n=0)n=r =03
. ?l:??;....ﬁ._
n: & &

In particular, if r = n then "B, n?l;_

Thus the number of different arangements of ‘n’ distinct objects taken all a time is n!

WORKED EXAMPLES:

Example 1: Evaluate () ®p. i) P(16,5)  (iii) P(5, ) (iv) ®Ps

Solution:
6!
200 20! 20x19xXI8XITXI6! 0 oo 1es17

) p=———— ==
® BT 6!
=116280.

16! 16! 16x16x14x13x12x11! :
=—= =16x15%14x13x12=524160

(16-5)! 11! 1
51 st
=2 _=2-51-5.4.3.2.1=120
(5-5)! o
8 8 876543
=== 2R

@iv) °P, = —=
S T TR T 3

(i) P(16.5)=

(iii) P(5.5)

Example 2: W..B&ﬁmmmﬂuwx .m-l

Solution:

We have °P, =2-P_,

I
(5-r)! (6-(r—1)):

S e gy
(5-1)t " (6-r+1)t

o R
(5-0)r " (7-1)t
4 12

U —
(5-r)! (7=r)(6-r)(5-r)!
> (7-1)(6-1)=12
= W..B~+ucuoU?1_8?|&nc =1=10,3r%10, - r=3
N,

105

wo> - WIBVI Ty

Example 3: If “IPy:"P,=1:9 find n

Solution:
A .T_T.a\\_l
Given P, 9
?\_v_
(n—-4)! _1 (=D 1 (-1 g
U\“lUl‘lllU/\“l —_——=— -—
n—4)!

Example 4: Establish the following identities.
@ "Py=nx""P_
...v (n+1) mv.. = A—.- + Hv 5% ..N.l_

@) "P,="'P, +rx>'P_,

() "P, =(n-r+1)x"P,,

(iii
Solution:
() "P,=n-""P_
LHS P,
(n=1)!
RHS n- "'P_ u:.F
?I_IA_.IS_
—1)
HA —.A—-u ~.w.—v."a n! v.”-mv_, -. LHS = RHS. -
n—I1-r ! n—r)! .
FEN | n-l n=l r 4v|— \w.%: _.9
A:v Wﬁ = N‘ +r- Mv_‘l_ Mf
LHS ="P,
1! 1
Ris<_ (-0 L (o)t
(n=1-r)!  (n-l-t+1)!
(- +7?|:_ 3
(n-r=1)t" (n-r)! %
S Ll L (n-1)! e
(n=r=1)! (n=r)(n-r-1)!
T (n=1)! [n-r+r ¥

B Gt L O O Lol

(n=r=1)!L n-t] (n-r=1)L n-r
n{n-1) ___ol__p=ius

T_!..::lq..:_..?l&_
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iy ™*"P, =(n+1)- P
LHS P = (n+1)! HE

(a+1-n)! (n-r+l)!

u?i:._'_“w;_u?:v Py =EHS
@(iv) "P.=(n-r+1)- P,
n! IEHIPH "p —LHS
NImn?|n+:?|~.+:_|?|~+:?I_,v_ (n=1)! '

Example 5: How many 3-digit pumbers can be formed by using the digits 1 to 9 if no digit
is repeated.
Solution:
2 .. ’ 9! 9!-9-8-7-6!
Required number of 3-digit numbers is equal to °P; = === :
e > (9-3)! 6! 6!

Example 6: How many 4-digit numbers are there with no digit repeated, :ﬁ:w Ea. digits

0,1,2,...9. ,

Number of arrangements of 10 digits taken 4 at a time is '°P,. Fhis includes mﬂ»:mw:ﬁ:ﬁ
where the digit 0 is at the _.oooa place, cc.ﬂ such numbers are 3-digit numbers, which are to be
excluded from the total numbers. . Required 4-digit numbers

1 1
—p, _%p, _lor_ 91 10-9!_10x9:-9!_ 9Y(10-1) 9x9!
6 6 6! 6! 6! 6
_9%x9x8x7x6 :
6!

=9x9Ix8x T =4536

Exam, . s o
ple 7: Find the number of 4-digit numbers that can be formed using the digits 1, 2,

3, 4, 5 if no digit is repeated. How many of these are even.
Solution:

We have to form 4-digi : - e ;
) 51 igit numbers using the given S digits. This can be done in °Py ways
Le,———=5!=5-4-3-2]=

(5-4)! 3-2-1=120

BCA - Discrete structures
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5 4 3 2

[

Even 4 digit numbers:

A number is even if the digit in the unit place is 2, 4
Numbers ending with 2is 4-3-2=24

2 |

Numbers ending with 4 is 4-3-2-=24

4]

Therefore total number of 4 digit even numbers are 24 + 24 = 43

4 3 2

4 3 .2

Example 8: A family of 4 brothers and 3 sisters is to be arranged for a photograph in one
row. In how many ways can they be seated (i) All the sisters sit together (ii) No two sisters
sit together. ¢
Solution:
(i) All the sisters sit together
Consider 3 sisters as one unit, remaining 4 brothers, in total 1 +4 = 5 different units aken 5 at
a time in a row. This can be arranged in 5P, = 5! ways. Among themselves the 3 sisters can be
arranged in u.vu ways = 3! ways. 3
. The required number of ways =5!x3!= 120 x 6 = 720 ways
(i) No two sisters sit together
Since there is no condition on 4 brothers they can be arranged in Po=4! Ways

VB, Y B,YB,YBY
Now there are S places vacant in which the three sisters can be seated so thal O (WO sisters are
together. This can be done in Py ways.
Hence the total number of arrangements

Ax 12
=41x°P, ua_xﬂnwax_..c =24x60 = 1440 ways
) 2 3

9

1=

ith
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many ways 4 mathematics books, 5 Physics books, 4 Chemistry book
S

Example 9: In how .
ranged in 3 shelf so that all books of the same subject
. are

and 3 Biology books can be ar
together.

Solution:

Considering books of a particul
in ‘P, = 4! = 24 ways. Now among themselves Mathematics books can be arranged in 4! s.\mwm

Physics books can be arranged in 5! ways, Chemistry books in 4! ways and Biology books in 3

ar subject as one unit, there are 4 units and they can be arrangeq
e

ways.
Hence the total number of arrangements
=4!1x4!x5!x4!x3! ways
=24x24x120x 24 x6=9953280 ways

EXERCISE:

1. How many words with or without meaning can be made from the letters of the word
MONDAY, assuming that no letter is repeated if >
(i) 4 letters are used at time b
(ii) All letters are used at a time

(iii) All letters are used but first letter i isa Vowel.
2. Findr,if 5- ‘P, =6-°P_,
3. Findn,if P ”E-_i =3:5
4. Findn,if "P,=13- *"'p,
5. H _
ow many numbers greater than 56000 can be formed 3 using the a_m=m 4,5,6,7,8no
digit being repeated in any number. -
6. Fi in whi
.:a the number of ways in which § boys and 5 girls be seated in a row so that
(i) No two girls may sit together
(ii) All the girls sit together and all the boys sit together
7. In h ;
OW many ways can the letters om the io& PENCIL be arranged so that
(i) Nis always next to E

(ii) N and E are always together,

A - Discrete structures
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s of the w . .
g. The letters 0 . a. wa RANDOM are written in all possible orders and these words are
written out as in dictionary. Find the rank of the word RANDOM
9. How many words with or without meaning of 3 vowels and 2 consonants can be formed
from the letters of the word INVOLUTE,

ANSWERS:
1. (i) 360 (i) 720 (iii) 240
2. 1= 3(r# 8)

. 1
=4|n®—
e h: uu

15
90

51% 6!

Gy120 (i) 240
614 .
288

o B

2.6 Permutations when all the objects are not distinct objects:

The number of permutations of ‘n’ objects Sra: all at a time when ‘n,’, of them are alike

of one type, ‘n;’ of them are alike of second Jﬁn ... ‘n’ of them are alike of k" type where

n+Np+n3+...+0=0 :5: the number of permutations of ‘n’ things by taking all the things

N S n! :
at a tinfe is given by ——
n,!'n,!n;l.n! .

f such uoEESaorw. Each of these x permutations congains ‘ny’
like objects of first type. Replace ‘n,’ like objects by ‘n;" distinct objects. These ‘n,’ distinct
.objects can be arranged among themselves in fi,! Ways. Thus from each of the "X’ permutations

When this is done in all the X permutations we. get xn,! new
like objects and the rest

Proof: Let ‘x’ be the number o

we get n;! new permutations.

permutations. Each of these xn;! permutations contain only ‘mo’

distinct.

Replace these ‘n;’ like objects by ‘n’
1 ways. Therefore from each o
Permutations, we get xn;! na! permutations.

distinct objects. These ‘ny’ distinct objects can be

! i get
arranged among themselves in na! f the xn,! Permutations, we g

n,! new permutations. Therefore from all the xny!

SO .




:o h of these xn,! n,! n,!
i ese xn! n,! ny! |
- xny! 0! 03! _..n! permutations. Each o malngt gy
- ] a - £ Ba e _ong
continuing this finally we il distinct. But the number of permutations of ‘n distingg
: all the n obje ‘ il
rmutations have fiaaeg b
pe _:::_wm...:,. n!or x

st by n!'n,!n;k.n.!
oEonBSw@:m:w;cam_ms. TET

RN

WORKED EXAMPLES:
Example 1: In how many ways can the

(i) ALLAHABAD (i) ASSAM |

Jetters of the following word be arranged

wo__.no:n .._:onmmnow:&ma:nr.;g
, L-2, the remaining lette
(i) In the word ALLAHABAD, we have A4 5

pumber of letters n =9. .. Required number of permutations = e

4 ASSAM. we have A-2, S-2 the remaining letter is distinct total number of
(ii) In the wor ,

s
_onmasnm‘xnncgucacﬂomvn:::s:o.:ml N_N_.. uo

Example 2: Find the number of permutations of 5,@ letters of the word. ENGINEERING..
In how many of these (i) all the three E’s together (ii) how many of them begin with N.
Solution: : :

The given word has 11 letters of which E-3, N-3, I-2, G-2, R-1. - L
Number of permutations of the letter of the word ENGINEERING, without any conditio .‘._m

11 : :
31312121 i

(i) All the three E’s together:
Treat the 3 E’s as one letter, i.e., E-1, N=3,1-2,G-2,R =1

! 9!
.. Required .::Eco_‘ of permutations um.|w_|wl.

»\.\w
‘(i) Arrangements begin with N:

For arrangements beginning with N, Fix one N in the first place, the remaining letters are-

i i 19! _ 75600
E-3,N-2,1-2,G-2,R-1. The required number of permutations = 31212121

11

Example 3: In how many different Wways can the letters of the word KW@E be

arranged. How many of these (i) has aj) the I's together (ii) words start t..:. M and end
with I,

Solution:
In the given word there are 11 letters, out of which M-1, 1.4, S4,P-2.

Total number of arrangements without any restriction is — L = 34650
414121 ——

() Al the Is together-:

Treat all the 4 I's as one, the remaining M-1, S4, P-2. Intotal 1 + 7 = 8

- Required number of permutations = 81 =840

23 4121

(ii) Words start with M and end with I,

Fix M in the first place and one I in the end, the remaining letters are I-3, S4. P2

9!

Hence required number of permutations = wjl =7560
: 14121

Example 4: .moS,EE.% positive integers ‘n’ can we form using the digits 3, 4, 4, 5, 5, 6,7 ﬂ
we want ‘n’ to exceed 5,000,000. :

Solution: .

The number of digits are 7 in numbet. ie, ‘n’is of the form n = d, d. d; d; ds ds d,. If “n° has to
exceed 5,000,000 which also have 7 digits, then it is necessary that d, is 5 or 6 or 7.

Case (i): Suppose d; = 5, the rest of the digitsare 3-1,4-2,5— ,L6-1,7-1

; !
- The number of permutations MW =360
Case (ii): Suppose d, = 6, the rest of the digits are 3~ 1,4 — 2,5=2.7-%
’ !
-~ The number of permutations nml_m.wl_ =180

Case (iii): Suppose d, = 7, the rest of the digitsare3-1,4-2,5-2 6 1.
6!

-~ The number of permutations = PTET =180

By using sum rule, the required number of positive integers that exceeds 5,000,000
360 + 180 + 180 =720

ee SO .

5 with

Iges in,
ertices

e even

nust be
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EXERCISE:

1. In how many ways
(i) words start with P and en

ogether.

the letters of the word ‘PERMUTATIONS’ be arranged if the
can

d with S

(ii) Vowels are all t

2 Fi B.O:w 0*.

3 .DQ the ::Bg—‘ Oﬁ Racs . .

OM, these N: the fou >.m —OWOSW— : wmofc ———W—.—( Om HTOB UOW—D i:.w._ m.
[ I

ecers ‘0’ can are form using the digits 3, 4, 4, 5, 5,6, 7 if we wan;
£=

the letter of the word ‘MASSASAUGA’. In how many

3. How many positive int
‘n’ to exceed 5,000,000.

4. How many numbers greater than
e letters of the word

100000 can be formed using the digits 1, 2, 2,2, 4,4, 0.

Inh ways can th <ASSASSINATION’ be arranged so that a]l
- ow many ‘

the S’s are together
6. Find the number of permutations of the le

(i) MATHEMATICS (i) DISCRETE
(iii) STRUCTURES (iv) CONSTANTIONOPLE

tters of the words

ANSWERS:

L mw, Wﬁ%. 2419200
3. 720

5. 151200

6. (1) 4989600
(i1i) 226800

2. 25,200,840,7560

4. 360

(ii) 20160
.4
(iv) 4

2.7 COMBINATIONS

1 : : . the
In the previous section, we studied different permutations of the objects, we found that
. . 4 jired
order of occurrence of the objects was important. We now consider selection of the requir

; : s e
number of objects out of the total number of objects without regard to order within

selection.
For example: Suppose out of 3 letters A, B and C we have to select 2.

Then, the following are the possible different choices (i) AB (ii) BC (iii) CA

—

— v ey W S ULV OS
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T ——

In the above selection AB and BA, BC and CB, CA and AC are same. Hence out of 3 things,
2 things can be selected in 3 ways, A combination is a selection of some or all of a number of
&Q.QQ: objects. In a combination the order of appearance of the objects is immaterial.

,.Eﬁ difference between a permutation and combination of the objects is that ‘order does matter
In a permutation, while it does not matter in the case of a combination.

F. the above example, we have seen that there are 3 different combinations of A, B, C taken 2
at .m time. If we denote the number of combinations of 3 object taken 2 at a time by *C, then we
‘have °C, = 3.

We also know the number of different permutations of 3 objects taken 2 at a time is

3 3!

P, =———=3x2xl=
So(3-2) 8
Note that each combination gives rise to 2 permutations, for instance combination like AB
gives rise to two permutations AB and BA. Thus, *C,2'= va

X D 2
P,

. ° W =5 2
ie, C,= i

To find the value of "C,
The number of combinations of n distinct objects taken r at a time is denoted by "C;

_ Expression for "C,:
"C, is the number of ways of selecting r objects out of n. Each combination has r objects, which
can be arranged among themselves in r! ways, Thus one combination gives rise to r!
permutations. "C, combinations give rise to "C.. [r number of permutations.
But the number of permutations of n object taken ‘r’ at a time is "P;
© "Cli="P
"P,
Ir
Using the result "P. =n(n—1)(n-2)..(n—r+1), we get
. n(n-1)(n-2)..(n-r+1) Also °P = ln . ln
' Ic e

-_0-"

-
=
=
|
-

:
m
|
|
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o ber of Bv_zwcoa of n objects taken all at a time is 1. This can easily be verified.
(1) The number of co!
*C'= tr=n
Wehave °C, ll?l.v_ pu
LR, ) I
= nn)! nl!
(2) Complimentary combination: "C, = "C,,
Wehaye 6. o (1)
¢ ' n_?lnv_
Replacing r by (n - r)in (1) -
. ||\|\\
Weget, °C = (n-1)(n-(n-1))! (n=r)(n-n +r)!
c, =" (2

* (n-r)ir!
From (1) and (2) "C, = °C,,
This result can be used to make computations of "C, simple.
Note: From the above result we observe that
°C,="C,=>x=yorx=n-y
. n! o

*C,= =1
@ 5= 0/(n—0)! n!

Some important results

"C, n-r+l
1. If n and r are natural numbers such that 1 <r <n then prove that = °C = =
r-1
Solution:
!
We know that "C, = -——— 1)
(n-r)r!
LVe) n! n!

O Py Py Ty i Py TR

BCA - Discrete structures

115

M C (-0t (nrsn)(e-1)t
( — (n=r)tr!

(n—r+1) (r=1)!

- (n—r+1)!(n—-r)(r—1)!
(n—r)tr(r—1)!

L (n- __.. +1) RHS
2. Prove that"C,+°C,, = e,
Solution:
"C,+"'C,_ = L + m

t(n=r)! (r=1)(n-r+1)

- ..A_.|~V_~=.l_.v_+?l—f?l..%&?laf
n! T 1 E
?‘ 1)!(n-r)! _._. n-r+l

n! ﬂ= —-r+l+r
? 1)!(n- &_. (n—r+1)
n!(n+1) (n+1)!

T DYn—-r)ir(n- _.+:|_._A=|_.+C..ui_0.uw=w

Note: This rule is referred as Pascal’s rule. We now give an alternative proof of the above

result which is based on combinatorial arguments. In fact some authors venture to call this
a combinatorial proof.

We recall that the number of combinations of (n + 1) distinct objects taken r at a time is
™IC,. Let us concentrate on one of the given (n + 1) distinct objects and let us denote it by
say S. Clearly there are two possibilities.

1) This particular object S is included in the selection

2) Sis not included in the selection ,

When S is included in the selection, clearly all the other (r — 1) objects must be selected

from the remaining [(n + 1) — 1] i.e., n objects. This can be done in "C,; ways. When S is
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vt included in the selection all the T objects must be selected from the remaining
(=]

[+ D)-l]ien objects. This can be done in "C; ways.
Thus the total number of ways of selection r objects out of (n +1) distinct objects is given
Uv‘ lioa = -O-L

Note: This formula is helpful in constructing Pascal’s triangle or Meru prastara.

WORKED EXAMPLES:
Example 1: Evaluate “C,; + af

Solution:
We have °C, + °C,_, = *C, Putn=19,r=18
We get Bﬁ: + ;0: HBO: = BOB.: A __0. = ._O._lv

me, 2 29X19_ 0
2x1
Example 2: Evaluate “C, + °C, Y
Solution:
G, + 15 3= "5C,+ tC, ﬁ ’Cc,= ..0._-.V
_ 16 P . ”
c, (7,4 °C,, = *ic,)

Example 3: If "C, ,=36,"C, = 84 and " r+1=126 find n and r

Solution:
We have ...O. _b-r+l
oql_ r
wn....?:
36 r
7 n-r+]
= = 4
3° ¢ 2-l0r+3=0 ()
"C.i_n-r_ 126 n-
Also —st - _—~_, 40 _1D-r
Coiratl . 84 phl o 2T0r=3=0 L)
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Example 4: Find the value of 'C, 4+ e, ®e, 1 PC A TCIY I,

Solution:

We know that "C_+"C_, ="IC
= 5

Given *'C, + *C, + “C, + *C, +(7c,+ 2¢;)

i 2

= G+ C+ UC, +( Mgy + )

=C,+ *C,+(“C, + *c,)="c, +(*c,+ *c,)="c,+"'C,="C,

Example 5: Find r if *C,,; = 5C,, ,
Solution:
5C,,="C,  =>1+3=2r-3 orr+3+2r—3=15

je,r=6o0r3r=15 m.n;_.umo:nm

Example 6: Prove that the product of r consecutive positive integers is divisible by r!
Solution:

Let r consecutive positive integersbe (n + 1), (n+2), (n + 3) ....(n + 1)
Their product =(n+1)(n+2)(n+3)...(n+r)

. 1-2-3-n(n+1)(n+2)..(n+1)

1-2-3~.n
_(n=r)! (n+r)! 1! "
TTar o w

n+r)!
[x:u "C, xr!
r'n!

o e = (n+1)(n+2)(n+3)..(n+r)

= Product of r consecutive integers is divisible by r!
r!

A "C, isa+ve ::nwﬁ.v

Example 7: (i) If "Cy = "Cs find "Cyy (ii) If "C,="Cy then either x=yorx+y=n

Solution:
(i) We have"Co= "Csg

n!’ " !

(n-9)9! (n=-8)!

=
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DPadILs uI ﬂcﬂ.-:”—:u

= n||,_mU=|wnwc:_u:

1

9 n
& "C,="C, =1

(i) °C,="C,=°C,="C,="C,,

= x=yorx+y=n

= x-yorx=n-y

Remark: If "C, = "C, and x#y then x+y=n
Example 8: If "Cg = "C; find "C,
Solution:
"Cs = "C, we know that "C,="C, = x+y=n
Using this we get 8+ 2=norn= 10
- °C,="C, = 10! 10! 10x9 _

2T (10-2)121 8121 2 4

Example 9: Uﬁmﬂ.ﬁbwﬁfq i) 2Cy: "Cy=12: 1 ii) "Cy: "C3=11:1
Solution:
@) Given C,:"C,=12:1

- NBOu ”m
uOu 1
= 28 “_N =0~
= AN_._V_ —12. n!
(20-3)131 " (n-2)12!
_ (2n)(2n-1)(2n-2) p.0(a=1)
Q = .
2
= Aan_v"OHv_._"M
2n
(ii) We have pumnv (2n)! _tdim

G, 1 (2n-3) (n-3)13!
= Ei@?i?uun:.:?uc?ns

M e 6 il )

6
= 12(2n-1)=33(n-2) = 24n-12=33n-66 > n=6

A chord can be drawn by joining any two points on a circle. Therefore the number of chords

“Solution:
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Example 10: How many chords can be drawn through 21 points on a circle.
Solution:

that can be drawn out of 21 points is * C, =2 o0
1912!

Example 11: Find the number of straight lines that can be formed by joining 20 points in
a plane of S.Eov 5 points are nc.__m:g_.. How many triangles are possible.

20! 20x19

—_ =190
182! 2

. Number of lines from 20 points = *C, =

.w:,” 5 points are collinear. Therefore number of lines get reduced by °C2 = 10

However by joining 5 collinear points we get one line.

. Required number of lines = 190~ 10 + 1 =181

By joining 3 non-collinear points one triangle is formed. Number of triangles from 20 non-
collinear points = ¢, =1140. But 5 points are collinear. Therefore the number of triangles
reduced by °C; = 10

. Required number % triangles = 1140 — 10 = 1130.

Example 12: In how many ways can a team of 3 boys and 3 girls be selected from S boys
and 4 girls

Solution:

3 boys can be chosen from 5 boys in 5C; ways

3 girls can be selected from 4 girls in Cs ways.

By fundamental principle the team can be selected in 5C, x *C; ways = 10 x 4 =40 ways.

na»_:v_o 13: Find the =_=,=_§. of ways of selecting 9 balls from 6 red balls, S white balls
and 5 blue balls if each selection consists of 3 balls of each colour.

Solution:

3 red balls 8,5 be selected out of 6 red balls in °C, ways. Similarly 3 white balls can be selected

out of 5 white balls in 5C, ways and 3 blue balls can be selected out of 5 blue balls in 5Cy ways.
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By Fundamental principle the number of ways in which 9 balls can be selected in
y mental principle Solution:
6C, x °C, x °C; ways , Number of i 52
6! 5! 5! . ,, umber of ways of choosing 4 cards from a pack of 52 playing cards is *"Cs = =270725
g ) e = wa
TR TETHE T Rt e | (i) There are four sui baaid
_, our suits namely, Heart, diamond club and spade, each having 13 cards
| ~. Number of ways of choosing 4 hearts = '’C,
Example 14: A man has 7 relatives, 4 of them are ladies and 3 gentlemen, his wife has 7 Similarly number of ways of choosing diamonds, clubs and spades in each case is°C,
relatives and 3 of them are ladies and 4 gentlemen. In how many ways can they invite to a , ~. Required number of ways = *C, + °C, + °C, +
3 y way: , y L+ 7C+C + "C,
dinner party of 3 ladies and 3 gentlemen so that there are 3 of man’s relative and 3 of | =4 ¢,
wife’s relatives. ; , 2 Axwlw._n 2860
Solutions: o , (ii) There are 13 cards in each suit
There are four possibilities | Number of ways of choosing 1 card for each suit is >C, X BC, x PG, x °C, =13
1. 3 ladies from man’s side and 3 gentlemen from wife’s side (iiii) There are 12 face cards
Number of ways = ‘C, x ‘C; =4x4=16 : i s
Number of ways of choosing 4 face cards = '>C, =——=495
2. 3 gentlemen from man’s side and 3 ladies from wife’s side 814!
Number of ways = >C, x °C; =1x1=1 , (iv) There are 26 re cards and 26 black cards
| . 1 1 ] i
3. 2ladies and 1 gentlemen from man’s side and 1 lady and 2 gentlemen from wife’s side _ +- Required sumber of ways = “C, x SE105625
i.e., number of ways = A. Exe v xﬁuo_ % .ONV ! . (v) 4 red cards can be selected out of 26 red cards in C, ways
u?x&xﬁx&uumx_mnuma : _ 4 black cards ownvomo_onnoaoﬁomnmzmnwgnmEuo.tw«m
. . : 26! 29900
4. 1 lady and 2 gentlemen from man’s side and 2 ladies and 1 gentlemen from wife’s side _ = Required number of ways = C+%Ci=2. FC=2 NNS_H
Number of ways = (‘C,x °C, )x(’C,x ‘C,) .
=(4x3)x(3x4)=144 | Example 16: In how many ways can one select a cricket team of 11 from 17 players in
Hence total numbers of ways = 16 + 1 + 324 + 144 = 485 ways. | which only 5 players can bowl if each cricket team of 11 must include exactly 4 bowlers
M Solution:
mu“”._:n 15: What is the number of ways &. choosing 4 cards from a pack of 52 playing | Number of players = 17
cards? In ho
oo n”. EE_N. Hg 4, Numbers of bowlers = 5
i) four cards ar i !
@ii) fe i _K_m ’ Sawsswwm_ﬁ : Number of players who are not bowler = 17-5=12
our ca ong to four different sui in "
(iii) are .h»nd Ly 2 e Select 7 players who are not bowlers out of 12 players in 2C, ways. 4 bowlers can be selected
- in’
_ (iv) two are red cards and two are black cards out of 5 bowlers in "Cy ways. 21 s
12 S i PR L
(v) cards are of the same colour +. Total number of ways = 7C, s lw_ﬂ. 14 S
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Example 17: In how many ways can a student choose a programme of 5 courses if _ (ii) Adeat 3 girls. The possibilities are a) 4 boys and 3 girls b) 3 boys and 4 girl
9 courses are available and 2 specific courses are compulsory for every student. I i.e.. 2) °Cox 'C, = 504 and b) %y xC, - M& g ’ giris-

i.e., Hence the total number of committees = 504 + 84 = 588
(iii) At mot 3 girls: The following are the possibilities

a)7boys b)6boysand I gil  ¢)Sboysand2girls  d)4 boys and 3 girls
ie., a) oO_uuo Swpx‘n_nw&xAnuw&

c) 9Cs x *Cy = 126 X 6 = 756 d)°Cx*C; = 504

* - Total number of committees 36 + 336 + 756 + 504 = 1092

Solution: .
Total number of courses available =9 _
_
4
|
_
_

Number of courses which are not compulsory =9 - 2=7

As two specific courses are compulsory, a student can choose them in 2C, ways. The remaining

3 courses can be chosen from 7 non-compulsory courses in 'C; ways.
. x C 7! e TX6X5
- Total number of ways = 'C3 X2 nmmx T

35

Example 20: If m parallel lines in a plane are intersected by a family of a o parallel lines,

Example 18: In a examination a question paper consists 12 questions divided into parts,

. _ find the number of vwwm=n_om.3_= formed.
part I and part II containing 5 and 7 questions respectively. A student is required to A Solution: .
attempt 8 questions, selecting atleast 3 from each part. In how many ways can a student | A parallelogram:is formed by selecting straight lines from the set of m parallel lines and 2
select the questions. . A ¢ | straight lines from the set of n parallel lines and 2 straight lines from the set of a parallel fines.
Solution: ¥ ¢ 412 | * This can be done in "C; and "C, ways respectively.
The following are the possibilities Y Ki | Hence the required number of parallelograms
1. 3 questions from part I and 5 questions from part II : . . —PC.x°C NEABI_VX._?T:|B=AB|:?|&
=7Csx*C-=35%x1=35 : 8B 2 Dk 4
2. 4 questions from part I and 4 questions from part II ’ | Example 21: How many diagonals can be formed by joining the angular points of a
="C.x*Cs=35x5=175 . vo_wmcn, of (i) 12 sides (ii) n sides.
¢ " Solution: :

3 una&gggmguncn&g?oagn
="Csx°C;=21x10=210 : ;
Hence the required number of selections = 35 + 175 +210=420

(i) A diagonal is obtained by joining two points. Thus the number of diagonals obtained by
m joining any two points out of 12 is given by
2C,-12=66-12=54

Example 19: A committee of 7 has to be formed from 9 boys and 4 girls. In how many (i) "C;-n

ways can this be done when the committee consists of
@) exactly 3 girls (ii) at least 3 girls (iii) at most 3 girls
Solution:

Example 22: In a small village there are 87 families of which 32 families have atmost 2
children. In a rural development programme, 20 families are to be chesen for assistance,

(i) Exactly 3 i of which atleast 18 families must have atmost 2 children. In how many ways can the
choice be made.
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Solution: 8. 1f"P,="P,, and "C,="C, find n and r

9. (i) If™Cs:"?P4=57:16 findn
(i) f"C,:"Cyyy=1:2and"C,,, : "Cwz=2:3findnandr

10. Find the number of straight lines that can be drawn out of 10 points of which 7 are
collinear.

The possibilities are
(i) 18 families with atmost 2 children and 2 from remaining 35.
(ii) 19 families with atmost 2 children and 1 from remaining 35.
(iii) 20 families with atmost 2 children only.
.. The required number of ways = SCe X ¥C, + u~O_u X uO_ + MNONo

11. Find the number of diagonals that can be drawn by joining the vartices of an octagon.
12. There are 15 points in a plane, no three of which are in a straight line, except 6, all of which

|
EXERCISE: _ in straight line. Fi i
o A, are in straight line. Find the number of straight lines which can be drawn by joining them.
s uat
. : e . o " m 13. From a class 32 student, 4 are to be chosen for a sports completion. In how many ways can
@ "C+c (i) *'Cas— *Cas _ this be done.
(i) M_“ C, (@iv) '°C 00 : 14. A committee of 2 girls is to be selected from 4 girls. In how many ways can this be done.
W ) e 15. Fifteen persons meet in a room and each shakes hand with all the others. Find the number
1 vi
I P . o of hand shakes.
vii) *'Cs1—“Css (viii) "°Cq + °Cs _

S D T e Sl it | } | 16. m.:mESE Emaﬁ.m to choose any 9 stamps from a set of 11 different stamps. How many
e s | different selections can be make.
(iii) If "Cq = "Cg find °C,
(iv) I 'C, = "*C,.. find r and hence find rOm
3. If°P,=1680and "C,=70 findn and r
4. Prove that
() C+Ci+‘Ci=C+C
(i) °C;+°C, +‘C, =G,
(i) 2 x 'C, = *C,
(iv) Gﬂm + GO» . GOo _ GOﬂ =0
5. () If*C5:"C,=44:3findn
(i) If '°C, = '°C,,, find “C,
6. If "C,, "Cs and °C, are in A.P. find n.
7. Prove that
i) n- ,r.ﬁ.? :

1

17. In how many ‘ways can a student choose a programme of 5 courses if 9 courses are
available and 2 course are compulsory for every student.
18. In how many ways can a cricket team of eleven be chosen out of 15 players if
(i) there is no restriction on the selection
(ii) a particular player is always chosen
(iii) a particular player is never chosen
19. A committee of 12 is to be formed from 9 girls and 8 boys. In how many ways this cad be

done if atleast 5 ladies have. to be included in a commitiee? In how many of these

committees
(i) The girls are in majority
(ii) the boys are in majority
20. A polygon has 44 diagonals. Find the number of its sides.
21. A student has to answer 10 questions, choosing at least 4 from each of Part A and Part B. If

— (2=r+1)n .ot n
OT_ 3 GC O~ +2- ..O.i_ % =OT~

I

.:NO“ there are 6 questions in Part A and 7 in Part B, in how many ways can the student choose

i) —C.__(n-r+1) o
Coor (i¥) "C,, + °C,, +2.°C, = "I,

10 questions.
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22. Out of 18 points in a plane, no three are in the same straight line except 5 points which are

collinear. How many (i) straight lines (1)
23. A committee of 3 persons is to be constituted from a grou
may ways can this be done? How many of these committees would consists of 1 mm and 2

triangles can be formed by joining them.

p of 2 man and 3 women. In how

women.
24. A bag contains 4 red, 3 white and 2 blue balls. Three balls are drawn at random out of the

bag. Determine the number of ways of selecting at atleast one white balls in the selection.
25. A student is allowed to select at most a n books from a collection of (2n + 1) books. If the
number of ways in which he can do this is 64, find n. , L
26. From a class of 25 students, 10 are to be chosen for an excursion party. There are 3 students
who decide that either all of them will join or none of them will join. In how many ways
can the excursion party be chosen.
27. In how many ways can a football team of 11 players be selected from 16 players. How
many of them will (i) include 2 particular players (ii) exclude 2 vm:m.mEmw players.
28. Find the number of ways in which 5 cards can be selected out of deck of 52 cards if atleast
one of the 5 cards is an ace.

ANSWERS:

1. (i) 3003 (11) 142506 (iii) 31 (iv) 1
(v)50 (vi) 55 (vii)34220 (viii) 462

2..:{1) 22,4 (i) 12 (111) 91 (iv) 8, 56

n=8r=4

5.() 6 (ii) 35

6. 14,7
8 n=3r=2
sw. ()n=19 (iijn=14,r=4
Gw. MM 11.20 12, °C, - °Cy + 1
14.6 15. 105
16. 55

17.35

——— ——— = _
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18. (i) 1365 (i) 1001 (i) 364

19. 6062, 2702, 1008 20. 11 21. 266

22. 144, 806 23.10,6 24. 64

25.3 26.817190 27."C,. “Cu  28. 886656

2.8 Binomial coefficients:

Introduction: An expression consisting of two terms is called a binomial expression.

For example: (x + ), (a + b), (x +y), (Tx - 4y) etc The process of finding higher powers of

binomials such as (x + 2)'°, (x + 2)'® etc becomes more difficult, and hence look for a general

formula which will help us in finding higher powers of a binomial. The term ‘bimomial

coefTicients® was first introduced by the German mathematician Michel stipel (1486 - 1567).
The ancient mathematicians knew about this binomial coefficients in the expansion
x+2)"'"(0<n<7 and the arrangement of these coefficients was in the form of a diagram
called ‘Meru prastara’ provided by Pingala. (the creator of binary system)

Binomial theorem for positive integers:

Statement: If “x’ and ‘a’ are real numbers and ‘n’ is any positive integer then
(x+28)°="Cox"+"Cx"" 2 +"C lal4 ...+ °Cx a + ..+ Ca’
We prove the above theorem by using the principle of mathematical induction.

Note:

(i) The cocfficients °Co, "C1u "Ca ooy "Cs o C, which are also denoted vz G C..C e Ca

inomial coefficients. The 555&2.&9.?% #szm ,L.J -
naﬁooa_&csoas_noo_n_ga,« SO Yo ;_ M3 ,..,.ﬁp

(i) The general term in the binomial expansion is (r + Lth term and s given by

Ton = °C, X a

Where ‘n’ is power of the binomial, x is the first term and "2’ the second term of Sy

\

binomial.
(iii) The numbe
binomial.

¢ of terms in any pinomial expansion is always one more than the power of the
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Special cases of Binomial Expansion: A .
@ nﬁ:@:qwﬂoumssnz:o:m& theorem we have, , Taking x = 1 and a=—1 we get
s (1-1y =Y °C, 1" (-1
(x—a)" =(x+( a)) ] ) .Me. (-1
n D) o n --~AINVN+.:+ X" (—a)" A S . &n a
(o S : LA | PIRICURD N [CO R ML)
HﬁMWN-I -O_N-l_u.ﬁY -ONx-nuwml ._Aqu.Tu»u +.:+A|:= ﬁ:uw._ | O"Oe|n_+nwlnu+.:+ﬁl—u- c,

545 B-. —1)" L] H th
Axluv.unox.|n_x.._m+0“x P Cx 8 Eet] 1)'C,a | e e e result.

We ocmn?n that RHS are alternately positive and negative and sign of the last 8_.,5 . WORKED EXAMPLES: :
depends on whether ‘0’ is even or odd. ’ | Example 1: Find the coefficient of x° in (x + 3)°
: | Solution:
- stive integer ‘D’ Co+Ci+Cot . +#Ca=2" , .
(ii) Prove that for a positive integ We have, T, ="C, X" a' = 5, R

Soluation: AA Comparing the indices of x in x*andin T, we get 8 —r=5=>r1=3
We have | Ts 3Cyx 3 ="05x"27
B . | . 5. 8.
(x +uv. HM °C x""a’ | Hence the coefficient of x° is "C5-27
= |
| ﬂ 1 15

Replacing x by 1 and a by 1, we get | Example 2: Find the coefficient of — in the expansion of ,hu. |.|ug

) 0 | z X X
(1+1)=> *c r'r=) 'C . ; - . ,

A.M W ’ Solution: -
= n n~ I
=*C, + °C, + "C,+..+ °C, | Wehave, Ty ="C;x"" 2 i
) - ) ; . s (e L
2°=C,+C,+C,+..+C, . : ie. T, = "C.(x‘) h xu,u
Hence the result. ) . = 5C x4 h||_|u.lv = 5C x4 &)
4 : X )
(iii) Prove that for a positive integer ‘n’ ! _5C x.sl: (- 1y
C~C+C,-Cy+ ot (-1)°C, =0 ) . Comparing the indices of xin X7 and in T We have—17=60-Tr=>Tr=TT=r=11
Solution: - ' o , ~ Tp="Cn X871 T:: HL_MO:Vx.:
15
We have HIA O_;
%3

(x+a)" = " 0C x"Ta’ [
) .WU ’ Hence the coefficient of Mﬂ_mtA;O:v
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. 1
Example 3: Find the coefficient of x°y* in the expansion of (2x — 3y

Solution:

We have T, umdx--‘m,
r

12 -r .
e T =[x ()
- _~0~ N:Jx:i Aluv. v\
- .~0-N_~|~ Aluv~ NZ:..V\

By taking r = 3, we have T, = 7c,2° ﬁl.uv

39,3

x’y

Example 4: Find the coefficient of x’y’ in the expansion of (x + 2yy
Solution: ;
We have, T,,; ="C, x""a"

ie. T,,=°C,(x)" (2y)

= oo_. N~ er\

By taking r = 3 we have

T,='G2xy _

- The coefficient of x°% is °C; x 2° = 672 °

'Example 5: Find the term independent of x in the expansion of

Solution:
We have,
/

%2 15— 1Y 3\ 7
| =(=1)" = 30-20-r [ 1
2 ﬁ wxu (-1 Dﬁ X &

. w 15-r m r
=(-1)" 5C mlw 30-3r[ 1
03] w3

The term independent of x means, index of x is zero. Comparing the indices of x in x° and in
T, weget0=30-3r=>r=10 |

T+

T " “-Qa ana N~” ROa

BCA - Discrete structures 131
- T, =(-1)" *C hw u 0| i
ore n 10 N . w
¥ 1 _"C (¢!
= _mo_oﬂxﬁ = % = ( s_u_, which is independent of x. %
u 13
Example 6: Find the term independent of x in the expansion of hx - Mw (x#0)
Solution: ]
We have, T,,, = "C,x""a" = *C, x"*" A|Wu
X
‘ i) ¥ 23
H.,_uﬁa x:T,A'WWElH ;0~ u:l.uf. 3 AIG
HAI—V. ;O_. X833
Comparing x"*" with x° we get 18-3r=0=>r=6
o T, =(-1) "Cx"*"-3° N
T,=— 8¢, -3° which is independent of x
L ] ' = i
: ) L el tx) ’
Example 7: If the coefficients of X’ and x* in T + mg are equal, find n.
Solution: ‘
We have, T,,, ="C, x" "' L

m.o.u ..—,.:w_ = =O_. ANV._L. hlw.u g

Nowx' =x'=r=7

and x'=x*=>r=8

L T=C) @%

. \
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T, = ,o_E,-.@_ .
Given ._DEZ@H _ ,0.3._.,.@,

. L 27 __n! el
(n-7)7t 3 (n-8)8!° 3
n-7 o-8

U|||AN dnmmlunvﬁi-,;vﬁn?q
n- X

=48=n-7=>n=55

Example 8: Find the coefficient of x* in the product (1 + 2x)* (2 - x)° using binomial
theorem.

Solution:
(1+2x)" = 'C, +'C, (2x) + ‘C, (2x)* + ‘Cy (2x)" + ‘C, (2x)’
=1+8x+6(4x?)+4(8x’) +16x*
=1+8x+24x? +32x’ +16x* :
(2-x)*=C,2° -*C,2'x +°C,2°x* - °C, 2°x* -C, 2x* +°C, x*
=32-80x +80x* —40x> +10x* - x*
o (1+2x)'(2-x)’ = (1+8x +24x* +32x* +16x*) (32 - 80x +80x* —40x’ +10x* ~ x*)
=1(10x*)+8x(-40x") + 24x? (80x?) + 32x* (-80x ) + 16x* (32)
=10x*-320x"* +1920x* - 2560x* +512x*

=—438x* .. Coefficient of x* is —438

Example 9: Find the coefficient of x* in the expansion of (1 + x + x* + )

A_+x+x~+xuv:uﬁA_+xv+x~A_+xd:

MT_I:_;E__

HA_+xv:T+x~v:‘ .
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(1+x)" T+xJ: =("Cy+"Cx + "Cyx? +1'Cyx + )
ﬁ__ﬁc +:O_xN +:0~xa +:0u»o +v

=(1+11x +56x% +165x° +330x* ) (1 +1 1x? + 55x*) other terms are deleted

Coefficient of x* = 55 + 605 + 330 = 990

Generalized Binomial theorem: (or Multi-nomial theorem)

itive i i L S P i ion of
If ‘n’ and ‘r’ are positive Integers, the coefficients of X" Xy7- * in the expans

n! n

and is denoted by .
n,,0,..0,

-
atx,) s

(8 ¥ B ) n,'n,'n,l.n !
T

(where each njis a non-negative integer <nand nj + Nz + N3 + ... 0= n)
WORKED EXAMPLES:
Example 1: Evaluate the following

9 (
@ 6 (iii)

5 12
1,2,3 133,30

53,3,2

Solution: ;

icy gt B0
A TETET ey

9!

362880
216

=1680

. 7
Example 2: Find the coefficient of ¥ y* 2’ in the expansion of (x +y +2) .

Solution:
. n n n n
H 1 x™ L A
The general term is given by g y
where (n,, n,, n;)=(2,2,3)and n=7 ,
7 7! 5040
3 =——=——=210
~Wehave | ) 9.3) 2123 24
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Example 3: Determine the coefficient of x’y’Z’ in the expansion of (3x - 2y — 4z)’

Solution:

n Amxva_ A‘IN%V.J AI#NV.:

The ral t is given b
general term is given DY ﬁ:..zw.su

: 7 il
wwSEPw:_uNEnmu:uEu un;mcnnoawmmww waVN Alwwv- AIAN%

7
2,2,3
The required coefficient is

!
(9% 4x64)—L— = 483840
. 202131

3 (-2)"(~4) x*y'Z

Example 4: Determine the coefficient es. xyZz’ in the expansion of (2x —y — Nvg.
Solution: ’ -
. A ’

The general term is given by,
0, n,, N,

wav-._ ﬁlv\v.; AINv=u
By taking n, = 1, n, = I, n; = 2, we have

4 T e
L2 wav Alwv (-2) vn.amlwxvﬁ-VUIwa xyz’

- The required coefficient = -24

Example 5: Find the coefficient of a"'b*in the expansion of (2a* - 3ab’ + ¢)°
Solution: .
The general term is given by,

::. :M 5&« 22°)" (3" ?J___.

. 6
Le., Na. _2)" 30,40, ¢ 2n, ny
n, n,, n, « 3a b ¢* --(1)

We must have 3n; + n, = 11, 2n, = 4 which gives n; =2 and 3 =
6

Furthern; + n; +n; =6 =>n3;=1 .. (1) becomes
- 3,2, 1

R(-3fa"pler i 5
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1
The coefficient of a'' b is %meox% 4320 &

Hence the required coefficient is 4320 &

EXERCISE: -
. i 20
1. Find the coefficient of x” in the expansion of ﬁx I\Vu
. ; ) <>

- . :
2. Find the coefficient of x'' in the expansion of hxu ||~|,,w
x

3. Find the coefficient of x°y’ in the expansion of (x + 2y)

. L]
4. Find the coefficient of x* in the expansion of hwxw lnw./v
L - X

5. Find the coefficient of x°y” in the expansion of (2x — 3y).
6. . Find the coefficiént of x°y’ in the expansion of (x+ 23"
7. Find the coefficient of x° in the expansion of (1 + 2x)° (1L— x)
& Find the coefficient of x'* in the expansion of (1 + x+x) (1 - 0% - S
| 9. Show that the coefficients of x” and x° in the expansion of (1 + x)°* 9 are equal. £
10. In the expansion of (2 + X, 17" and 18" terms are equal, show thatx=1
11. If the coefficient of (2r + 4)" and (r — 2)® terms in the expansion of (1 + x)'* are equal,

, ~ show that r = 6.
12. Find the term iaovnsama of x in the expansion of X
| i 9 8 )

Jo(axr 3\ o 3 u

i) | —+— : ) | x——=| -

® 3 2x ) X"
13. Evaluate: (i) 1 (ii) 40 e _ .
-13. 2 : il
VAGAIE- L 9 3.9 Jep e onamiriod S sei :

14. Find the coefficient of ﬁ%% in the expansion of (2X — 3y + 52)°

15 Find the coefficient of a’b°c’d? in the expansion of (a+2b—3c+2d+3)"

~ ANSWERS:

b Y aYey (2)-25344 (3672 @)% 23t (5) 6048

L (6)1760 M1 (8) 4433 12)  ©°C:ix27 () oty
m ) 125

| (i) Meaning less © (14) 3024000 a9 | = 16!

(13) (1) 210

\A\‘\.\.\

\
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W,
tions: defi
.o that defines a sequen
* js an equation ih quence based on 4 rule

2.9 Recurrence Rela

the ﬁ-ﬁ&O:w ~n_|=._amv.

A ‘recurrence refation
Jation is the case where the next term de

¢ term as a function of

rm of a recurrence ré . Pends op;
f we denote the nth term in the sequence by g Yo

n
n, Such a 5@

3952.8
2.3,
>

Only op |

nex

The simplest fo
immediately previous term- I .
=f(a,) forsome function of one such St

n+ =

relation is of the form a,,,
also be of higher order, where the term 8y conld depena -

A recurrence relation can
but also on earlier terms such as a, |, a, , etc.

jon depends just on a, and a,,

the previous term s,
and js o
f the form,

A second order recurrence relat

nut = ﬁﬁwﬁ m._v;
ction f with two inputs. For example, the recurrence relatjon a. -
et tay, o

for some fun

generate the Fibonacci numbers.

To generate sequence based on a recurrence relation, one must start with SOMe initia vy,
Alueg,

For a first order recursion a,,; = f(a,), one just needs to start with an injtja] value ay gng
Can

generate all remaining terms using the recurrence relation. For a second order re
3y, = f(a,, 3,.,) one needs to begin with two values ag and a,. Higher order Tecurrence rejy;
atlong

require correspondingly more initial values.

2.10 First order linear recurrence relation:
A first order linear recurrence relation with constant coefficients is of the form

a=ka, | +f(n),(n>1) (1)
where k is a known constant and f(n) is a known function. If f(n) =

ﬁ . - . ‘ :
elation is said to be homogeneous’, otherwise ‘non-homogeneous’,

Method of finding general solution of (1):
Whenn=|, a=kay + (1)
Whenn = 2, =ka, +£(2)
ie, a= klkay + f(1)] + f(2)
4 =k’ a9 + kf(1) + f2)

Cursiop |

0, then the recurrence

th &
1At giveg thy Whenn=3, a3=ka,+f(3)

ie., ay=k[k'ao kf(1) + £(2)] + £(3)
3uﬁg+&::+§8+23
Proceeding like this, we have
a0 = k"2 + K™'f(1) + K™2(2) + K™ (3) + ... + kf(n — 1) + f(n)

ora,=k"a,+ Y k"f(r)n>1 (2)
r=1

which is the general solution of recurrence relation (D).
Suppose f(n) =0, then the general solution of the homogeneous linear recurrence relation

a, = ka,, is given by a, =k"ay(n > 1) ..(3)
Note: If a, is specified then the solutions of (2) and (3) gives particular solution. The specified

value of ay is called initial condition.

| WORKED EXAMPLES:
“ Example 1: Solve the recurrence relation a,,, = 4 a, for n >0 given 2, =3
| Solution:

The given relation is homogeneous.

.. General solution is a, = 4"a, forn > 1
Putag =3, we geta,=3(4") forn>1

which is the particular solution.

Example 2: Solve the recurrence relation 3a,,, -4a,=0,n>0,a,=5

Solution:
We have 3a,,, —4a,=0

= 3a,, =4a,
or a,, HM»._ n20
- o e 4Y
which is homogeneous and hence general solution is a, = 3 a, forn>1
4 ;
forn=1, a, u.u..mom_é:w_um
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P L |
s 5= WP_ ora, =7 | Hence the required solution is given by
4\ 15 e Oy et
Hence particular solution is a, nﬁMw .M? z1) a, =ka, +~M.wr t(r) el
ie. a,=2"a, +M-.. (5)
r=l
Example 3: Solve the recurrence relation 8, = 7a,y where n 2 1 gives that a, = 98 =2%a,+5(2" 42"+ 42242 +1)
Solution: PL|
The given recurrence relation is homogencous. =2%a,+5 7.1 (- they arein G.P.)
we have a, = 7a,_;, we can re-write this as au,, = Ta, for n 2 0. Hence the general solution s | =2, + uﬁm,vuu
a,=7" forn2 1. | §)2° -5 is th Vil
=(a, +5)2" =5 is the general solution
Forn=2, 0= 7n, given a, = 98 | o =(0+3) g _
- 9= 490 => 1y =2 Giwen = |
|+ a,=6-2"-5is the particular solution %

Hence the particular solution is a, = 7" 2Mmz21)

Example 4: Obtain the solution of (he recurrence relation a, = na,, for n 2 | given that

ay=1 ﬂ,
Solution: “
We have, a4, = Ny
Forn=1, a=a9=1'a M
Forn=2,  ay=2a=28=(2X% Dg=2!a M
1c;nu.. a=30=3Qa)=3x2Xx )ag= 3! a, “
Similarly a=@xIX2X D=4l 4
EERERERRRRR A
a,=nlaforn2 |
Givenag=1, .. a,=n!whichis the required solution

Example §: Obtain the solution of the recurrence relation Bpa=2a,+5,n20,2,=1
Solution: T o
We have a, = 2a,+§
or a, = 2a,; + 5 which is a non-homo

s geneous recurrence relati =k
St ation of the form a, = ka,_, + f(n)

Example 6: Obtain the solution of the recurrence relation ap, = as + @2n+3)n20,2=1

Solution:
We have dg.; = 8 (20 +3), 0 20, a9 = 1 changing n to (n — 1), we get '

Q=8+ (2n+ 1)
Which is non-homogeneous recurrence relation with k = 1 and f(n) = 2n+ 1)

Hence general solution is given by

a, =k"a, + Mw..-._. (r) .\

=1

n_.P_+M;~a+; \

=1

a, =a, +{3+5+7+...+(2n+]

)~

The numbers 3, 5, 7,... are in A.P. and hence their sum is given by .Wﬂw.l: -1)d}

wherea=3andd=2
ie.,a, =a,+ WTGTA:\C&
=a,+[n{3+n LSU?....T: +=~H’
a, =a, +n’ +2n

which is the general solution
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Given ag = | i. 5 i
-+ a,= 1 +n%+2n=(n+)"is the particular solution. ie,a =53 2 =52, 23=52 ... |
Therefore we write a, = 5a, | for n > 1 with a, = 2 which is the required recurrence relation.

mﬁ.:,_._o 7: Solve 8, — 85y = 1 +3n+3n” (@2 c., ag=1 The general solution is given by a, = k" i.e., a, = 52
. n — “n-17

Solution:
- 9: Find a rec i iti T,'5,9,13, .53
We have, a, =a,+ 1 +3n+3n,n21 1 Example n -:...o:.n» relation and initial condition for the sequence 1, A
which is a non-homogeneous recurtence relation and hence the general solution is-of the form Hence find the general solution of the sequence
L3k ) Solution:
=k"a, + ) k"7f(r : , )
e > W.” ( - The given sequenceis 1,5,9,13, ....Hereay=1,2,=5,2,=9,2;=13,....

where k=1 and f(r) = | + 3r+ 3 Evidentlya =4 +ag,a,=4+a,,a3=4 +ay, ...

~oa, u_.m°+M.U_.e+u~+umT§ +M._U_+wM..“~+uM._Um sa=4+a, (1)
=1 r=1 r=I

ora,=a,; +4withay=1

=l

+1)(2n+1 : S !
=a,+n+ wiw+:+m L WA o) ) which is the recurrence relation for the given sequence, for n > 1 with a, = 1 as the initial
" - , dition.
X n(n+l) . n(n+1)(2n+1) - ! | con ‘
(Since we know that }'n = 2 and M: = 6 ) .| The recurrence relation is non-homogeneous where k = 1 and f(n) =4, 2= 1
~. General solution a, =ka,+ ) k""f(r) ie, a, =a,+ p 4=2, +4) 1=a,+4n
r=l =l =1

a, Hwo+=+W=?+:+m~.=?+_XN=+C
Hence the general solution is of the form a, =k"a, + M_n._-.m An v ap=1and .. a,= 1+ 4nis the general solution.

r=1

2.11 The Towers of Honoi problem:

ie. a, n»?W?&if?m&i&
“Towers of Hanoi’ is a classical problem that can be solved using the concept of recursion

nn°+m?+mn+mn- relation. In this mathematical puzzle we have 3 towers and n disks. The objective-of the
ora,=a+n (0 + 30 + 3) which is the general solution. & ‘ problem is to move the entire disks to another tower obeying the following rules.
By putting a, = | (given) LT B c
Wegeta,=1+3n+30°+0’=(n+ 1)
Which is the particular solution , 0 il 1
. : _ Wocaa : Auxiliary Destnation
Example 8: Find the recurrence relation and the initial condition _.o... the sequence R o sl
2,10, 50, 250, ... Hence find the general solution of the e q A is the source tower, where we have disks. All the disks, we have to move finally to
Solution: destination tower C, through the tower B, which helps in moving the disks and hence is called
the Auxiliary tower. ,

From the given sequence, note that ay = 2, a, = 10,2,=150, ay = _Nuo
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1.~ Only one disk can be moved among th |

€ towers at any given time.

f 21, we
the tower on which the disks are originally located as A. To effect the transfer, for n
2. Only the top disk can be removed j.e

-, each move consists

: acant tower say
one of the poles and placing it on the top of another pole. This involves a,; steps (or moves). Then we transfer the nth disk to the other v
3. Nodisk may be placed on top of a smaller disk. (i.e., No large disk can sit On a smy]) 4; ‘

s ) . ibed manner.

of taking the upper digy froy first transfer the top (n — 1) disks to a vacant tower say B in the prescribe

. 3 tower B to the
C. This involves 1 move (or one step). Lastly we transfer (n — 1) disks from tow

is i . Thus the total number of
N dik should e hen o fienay) ol tower C, in the prescribed manner. This involves a,_, steps (or moves)

e - forn>1 (D)
A B C A B C moves involved in the transfer of ‘0’ disks is a, =a,_, +1+a,, =2a,, +1 fo
1* step 1 Here k =2 and f(n) = 1 (or equivalently a,,, =2 a, + 1, for n 2 0) N
| The recurrence relation is non-homogenous and hence its el poluion i Bvet %
-

a, = —A...N.._ + M _A.T_,\.m. A,_.v

r=1

S “w / »W
.W o (1) - ]
A B c A B C i ie.,a,=2 A,OV+MN A—v ﬂv\ - W\\/
d L I =)
NEZ@—. 3%step il Zon 4202 Y 424 e |
- . i
I\, 2=l 2* —1 is the required number of moves. This is the mo—cﬁ_oz of tower of Hano
~ . YR A |

(\=3=1
For 2 disks to problem:

s

shift to the destination C, 3 steps is necessary. Only three not less than or nol

stination C, 7 steps is a must,
steps 3i.e, 2| =

more than that. Similarly to move 3 disks to the de
i.e., for 2 disks to move, number of
15.ie., 2*

EXERCISE:

3. For 4 disks to move, number of steps L. Solve the following recurrence relations:

- 1. Continuing this process for n disks to move number of steps 2" [,

- >1,a, =81
| 1. 3a,,-4a,=0,n20,2,=5 2. 2a,=3a,,, nxla,
o n+l n 4.2 =2a |_+—.=NN'N.H|~
N\x 3. a,=a,,+n, n22,a=7 i 3n’, n2l,a,=7
n n - =3n", 21, =
Statement of the Towers of Hanoi problem: 5. a,,=a +Au=N |=Y n>0,a,=3 6.a,-a,, d ~
. . " . ) " " = +M. n NO< a,=
There are 3 towers fixed vertically on a table and ‘n’ circular disks having holes at the centres 7. a,, —2a,=2", n20,3,=1 8. a,, =2a, o
2 n+ n
and having increasing diameters are moved onto one of these towers, with the largest disc at the 9. a,=a+ 1 n2l,a,=1
.oa,=a,
bottom. The disks are to be transfered one

at a time, on to another tower with the condition that

n(n+1)’
at no time a larger disk is put on a smaller di

sk. Determine the number of moves for the transfer

. ) ————n—ﬁ— OQ—-Q—:O—— ﬁ——ﬂ n——O ener N— g——-n—o—.- —.Av-. QNG—— Avﬁ ﬁ—-ﬁ
- m —-.—A— H—-@ recurrence -6—9:0—- “
. .Z 2 :h: at GSQ :‘- Q..zr,ﬁ are —. : i 1 _. { .

Solution: following sequences: , 714 28 56

Let a, be the number of moves required to transfer ‘n’ disks. Evidently a, has no 32::&.“ 1. 6,-18,54,-162,... T 775725'125

therefore we say ay = 0. If you have one disk, one step is required, therefore a, = | let us denoté 5 s 24 72 216 4. 3,7,11,15,...
= % .q.&o.u&u.:
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I : /
15Y/4) 5 ) y “| Case (i): Suppose the roots are real and distinct
X TLMMV 2 2 3.3+ :N+ 1) /| Letk,, k2 be the two roots, then the general solution of (1) is of the form a, =ck} +c,k] ...(4)
4. im._vr_ 5. 3+n(n |:~ 6. (n+ _vu Where ¢, and ¢, are arbitrary real constants
n n-l 5
7. 2"+(n2") 8.6(2")-5 Bt Case (ii): Suppose the roots are real and coincident
(n+1) Let the two roots k, and k; are real and equal say Kk is the common value then the general
T solution of (1) is of the form a, = (¢, + c;n) K ..(4) o
where ¢, and c, are arbitrary real constants
l. a ,=-3a_(n21),2,=6 2 m._uﬁmum AN 1..\
2 ’ Case (iii): Suppose the roots are complex:

Let the two roots k; and k; are complex. Then they are complex conjugates of each other,

o+ ip then k; = & — if. Then the ‘general solutionof /(1) is of the form

3 w2 ?NC... ..|m.
’ - 2, =8 | 4.a,=a,_,+4,(n21),a,=3

7 S
. so that if ky =
2.12 Second-order li ) | a,=r1"(cicosnB+cysin no)
inear homogeneous recurr -
2o enc i {
I e relation with constant where r=<Ja? 1B and 0=tan™ hmu
: o
A recurrence relation of the form ’ ’ . .
Further if ao and a, are specified, the specified values are called the ‘initial conditions’. If these
conditions are applied to the general solution, then we get the values of the arbitrary constants

C,a,+C, a,,+C, ,a, ,=0 forn>2 (D)

Wi
..e“_n”.mm”mn.ﬁnwmm m«“.w:_a M“no”_ms:; e<_.=..O= # 0 is called a second order linear homogenous c and c5; which is called the particular solution of (1).
We seek a solution of relatj e 2... coefficients. [Case E.—V.mos.: oxv_wsmmo:“
Using (2) in (1) we get ion (1) in the form a, = Ck" (C # 0, k # 0) 2Q2) . w_nAQ”_E,_MNuAQI_w.V ) -
C,Ck"+C, ,Ck"™ +C,_,Ck™? =0 a_ = Ak’ +BK] = A(a+iB)" +B(a-ip)

or Ck™?(C,_k*+C, k+C,_,)=0

Where A and B are constants
a+if=r(cos®+isin®)

= a=rcosO, f=rsin6
1

= Ck’+C_k+C _ =
) n-I n-2 — 0 ¢
AWV is called the ot - .AWV 2 ) 2
1o 3 characteristic equation of (1) Since (3) is a quadratic SR : o +B* =r* =0 +f’ _ :
ots which can be equation is k; it has two B _rsin® .
. and —= chNn:Ea .
o rcos® o

(1) Real and distinct
| or@=tn™ E
a
a, = >T_.A8wc +isin 8%_.._+wTA8mal ._m._zoz._w

using De’Movire's theorem

(ii) Real and coincident

(iii) Complex roots which are conjugates of each other
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H>~.._,.. (cosn® +isin :oL+ wﬁ_,.. (cosn@—isin :md
=r"[(Acosnf+Bcosng) +i(Asin n6—Bsin nov“_
=r"[cosnB(A +B) +isinné(A—B)]

a, =r°[c,cosnB+c, sinnb)

where A+B=c,andi(A-B)=c:

WORKED EXAMPLES:

Example 1: Solve the recurrence relation a,—4a, | +4 2, ,=0,n2>2, a, =, a; =8

N

Solution:

Wehavea,-4a, ,+4a4,,=0

The corresponding characteristic equation is k> —4k +4=0= (k—-2)’ =0=>k =2,2
-~. General solution: a, =(c, +¢c,n)2". ...(1)
5

Using the initial conditions a, HM ,a, =8

Putn=0in (1) we get
a, =(c, +c,-0)2° =¢,
5

ie, ¢ ==
2

puntn=1in (1) we get
a=(ci+c))2= ﬁw.‘.&ww
3

®”M+Nh~ UW"NQNO—.ON "IN.

Substituting these values in (1) we get
5 3

a, = M+M= 2" which is the particular solution.

Example 2: Solve a, +a, , - 6 a,, =0 for n > 2 given that ay
Solution:

=-landa, =8

We have, a, + a, , -6a,,=0

The characteristic equation is
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k*+k—-6=0o0r (k+3)(k—-2)=0
— k = 2, =3 which are real and distinct.
Therefore the general solution of the given recurrence relation is
a,=¢ 2"+ (3) (D)
where ¢, and ¢ are arbitrary constants. Now using the initial conditions
a,=—1 and a, =8in (1)
forn=0,a=c;+C2
—_l=cj+corc,+c,=-1 Y))
Forn=1,3,=¢,.2+¢c;(-3)
— 8=2c, —3c,or2c,-3c;=8
Solving (2) and (3)

i +c=—-1%X2 2¢,+2c=-2
2c;—3c,=8

Sc;=-100rc,=-2

.2(3)

Nﬁ_ |WO~“w

Nowc;+cr=-1

c—-2=-lor¢c;=2-1=1

Thus ¢, = 1 and ¢, = 2 substituting these values in (1) we get
a, = 2" — 2(-3)" which is the particular solution.

Example 3: Solve a,—a, 1 +2,,=0

Solution:
o % 2 1+J1-4x1x1

The characteristic equation is Cn |w+&uonvru >
: xuﬁ?ﬁﬁ@u?ﬁ.m
Koo BSgwyweRgemagd )

1 3
Here ao=—and f=—-.
ere nw:m 5

The roots of the characteristic equation are complex.

Hence the general solution is given by
a, =r"(c, cosn@ +c, sinnd)
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—Jo2+ B2 — tan™ B 4 ) .
WSyl ad A=t . 2.13 Fibonacci numbers: ,
i pi \ 1 s 3_ I 6=tan™ /\wum A special sequence of numbers called Fibonacci numbers whose recursive definition is given
€.y PESP) = 3 < A7 i )
Y, ’
Soag "ﬁn_ 8m=|un+0~ wmzﬁu b _u._ "mu:L + —u..lu, n22and —uo =0 mu. =
- 5 b Fibonacci sequence {F.):
. = = i that a = a;=2. ! & . s
Example 4: Solve a, =2 (3,1 ~ 2,-2), 1 2 Zgiven 2 anta d s We shall find out a few terms of the sequence {F,}, n = 2 starting from the recursive definition
Solution: =
of Fo.
We have, a, -2 2, +22,,=0,(n>2) It | F,=F_+FF =0,F =1
The corresponding characteristic chn.o: is k» — 2k + 2 =0 whose roots are. - ¢=| g =F+F,=140=1, FE=F+ F=1+1=2
= ~M§|~Ax_x~ = NHML - mwm_ 02| F,=F,+F,=2+1=3,F=F,+F,=8+5=13
E =F +F =13+8=21 F, =F+F =21+13=34

ie., k=1+i where a.=1 and B=1
- 2| Hence Fibonacci sequence is given by {F,}=0,1,1,2,3,5.8, 13,21, 34, ...

r=yal B =Vi+1=12 L - o

=] a1 n .
6=tan _m = - = ==
a - I el 4 w4| Example 5: Solve Fibonacci relation Fy.z = Fouy + Fo n 20, Fo=1,F,=
Hence the general solution is 2| Solution:
¢ a HAJ\MV.T nom=|=+o s ) ) 4 ‘ o b (T| The given Fibonacci relation is equivalent to F, = Foi+Foan20
' Ty T g ; : 4| ie, F,—F,_ —F,_, =0.The corresponding characteristic equation is K’ ~k—1=0
Using the given initial conditions ay= 1 and a, = 2 i _H,\_le_xAlc 1445
0 i = K= =
Forn=0, meu?\mv [c,cos0+c,sin0] , , ‘ ) G . 2 2
ges . . ..2| - General solution is
=cyor¢; =1 . ,\l._ | ;\w.._
i i {1++/5 -
Forn= = X . T S : 41| E =c +c (D
orn=1, a, T\Mv T 8ma+o~m_=M . | n =6 2 2 2
2 n,\m“,‘o. M_u+o~ e i .»i| Now using the initial conditions Fo = 1,Fi=1
: V2 . mOnsuo._ucno_+o~U_nn_+o~onn_+o~u_ ...(2)
2=c,+c, wehavec, = | ~2=l+gore=1 ~ = 1 ol R 1445 1-v5
Substituti ] | Forn=1, F=c +¢, >
tuting the values of ¢, and c, in (1) i ) 3 2
we get ».uﬁ,\mv.ﬁsm@.‘és:’a ..u,, e B 1+45 +% -5
4 4 i izd{ fag Ty

which is the i . 3
particular solution | . A_+,\wvo_+€|,\wv§um .0)
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Solving (2) and (3) i.e., use ¢; = —; in (3) »
we get T+,\wvo.|A_|,\wvn_uN ‘
c, +,\Wn_ =6 +;\Wo_ =2

= 2J5¢,=20rc,=—

NG

P

Substituting these values in the general solution (1), we get

p o L(1+5) 1 (1-V5) .M
4l

sl 2 ) UsLo2

Which is the particular solution.

EXERCISE: . N\,

Solve the following recurrence relations:

I a,,=4a,,-4a,;n20,a,=1a,=3 2. a,=5%,,+63,,;022,a,=1,2,=3

4

N NN:”.ann_le.Tn“:NN.mo"N. N_HM 4. N:|@N=l_+WN=IN”Ow=NN. mcum. q, "—N
5. a,+a, ,—6a,,=0;n>2,a, =-1,2,=8 6.a, +a, —6a, =0 lo?
-8, - = 30 i 1adi’l n i
7 a, ann_+omaum =0 8. NN.;N I._,HN._.: +MN= =0, n>0, a, =9 a, -_8
9. a,=a_, +a,, forn>3 10. a, +7a,_,+8a, ,=0forn>2, a,=2,a =-7
ANSWERS:
1. a,=2"+n2"" 3 4)
n 2. a, =[=|(-1 i — 6"

_ - (=1)"+ 516 :
3. a, =[—|[(8-3" I-n 1

5 A 3+2 v 4, N:”Amlsz-.

5. a

() ﬁ]Nv Alwv- +2°
7. a,=c¢3 +c,2"

9. 1445

a, =c,

—IJ\W i L n ’ ,
2 5 2 10. a, = “1+\17 s -1-17
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— ! |

2.14 Divide and Conquer Relations:

Umfsao and conquer algorithm consists of a dispute using the following there steps. Divide the

original problem in to a set of sub-problems.

Congquer: Solve every sub problem individually recursively.

Combine: Put together the solutions of the sub-problems to get the solution of the whole

problem.

1. Divide: Break the given problem into sub-problems of the same type. This step involves
breaking the problem in to smaller sub-problems. Sub-problems should represent a part of
the original problem. This step generally takes a recursive approach to divide the problem
until no sub-problem is further divisible. At this stage, sub-problems become atomic in
nature but still represent some part of the actual problem.

2. Congquer: Recursively solve these sub-problems. This step receives a lot of smaller
sub-problems to be solved. Generally at this level the problems are considered solved on
their own.

3. Combine: Appropriately combine the answer. When the smaller sub-problems are solved,

this stage recursively combines them until they formulate a solution to the original

problem.
(problem)
P: Main problem
Pis P2, P3» +--» Px 2 SUD problems
PP P3-- Px S1, $2, 3, --., Si: Sub solutions
S: solution to the main problem.
S (solution)
Examples:

L OeEw:S:o..E complexity:
can be estimated by ustng

The computational complexity of a divide and conquer algorithm
m of size n,

a mathematical formula known as a ‘recurrence relation’. If we have a proble

i il ol
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then suppose the recursive algorithm divides the

ﬁwu. >a&:o=w=<.m:vv8052 mAa:oann:G»:v.
b

problem. If f(n) represents the ‘number of operations’ needed to solve a problem of size

n. then f(n) can be written as the following recurrence relation

é(n)=a A&ﬁa

This is the type of recurrence relation that we will solve to find the complexity of divide

and conquer algorithms.

Binary search:

Consider a sorted list of n items. Suppose we want to search for an item in that list. A
divide-and-conquer approach involves finding the middle item and dividing the list in to
two sub-lists, a left sub-list and a right sub-list. By comparing the item of interest to the,
middle item of the list, it is easy to determine whether the item is in the left sub-list or the
right sub-list. Once it is known which sub-list the item may be in, the other sub-list is no
longer considered. The algorithm continues to divide each sub-list into two until the
sub-lists contain only one item. At this point, the :a...: is either found, or it is determined-

that the item is not in the list. In order to develope a recurrence for this algorithm, we need
to know.

Finding the Maximum and Minimum of a list:

Suppose we want to find the maximum and minimum elements of an unsorted list of ‘n’
itemns. Similar to binary search a divide and conquer algorithm will divide the problem in to
two sub-lists of half size and then recursively find the maximum and minimum elements of
these sub-lists. In addition two more comparisons are performed: one to compare the
maximum element of the two sub-lists and one to compare the minimum element of the
two sub-lists. If f(n) is the number of comparisons performed (with ‘n’ even) the resulting

recurrence relation is f (n)= 2f mbu +2
2

further computations that are needed!

to combined the solutions of the sub-problems into the overall solution of the olm:ﬁ;

problem i 10 2 SaEposb St Sk mmﬁ 2.15 Representing relations using matrices and digraphs:

|
|

|
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‘relations and functions’ discussed earlier.
ions’ i ied in thi jon in additi
Special types of relations called ‘equivalence relations’ 1s studied in this secton 1n addition,

1 1 3 2 : wn as ‘di ]
[matrix representation of relations and pictorial representation of relations kno . graphs
of relation is highly useful in visualzing several

Introduction: This section is in continuation of

are studied. Matrix and graphical presentation

concepts of computer applications.

-zero-one Matrices and Directed graphs:

Matrix representation of a relation
b,} be two finite sets of

Let A = {21, 2 a3 - a,) and B = by, by, b3, oo 2 3¢k
respectively. Then the Cartesian product of A and B denoted by A X B is given by
AxB={(a,b;)11<ism, 1<j<n}
This is represented in the form of on m X n matrix as follows:

A»_,GL Aw:cwv Aw:cuv ﬁ»_,d..v

(a2 b,) ?BGNV Amn.cuv ?N.d._v

orders m and n

A&ELU_V A&E'Gnv AUE.qu Awa.—u:u ] . n
AtoBsothatRisa subset of A x B Matmix RQB‘No:Bao: of a

N

B

Let R be a relation from
relation R denoted by M(R) is defined as follows.
1if T,. va R
M(R)=[m, ] where =1 i (o, b,)e R
m; represents the element in the ith oW and jth column of the matrix. 5
Since M(R) contains only 0and | elements, itis called the ‘zero-one matnx’.

M‘

Note: .
1. Rows of M(R) correspond to the elements of A and the columns correspond to the elemen
of B. P :
2. When B = A, the matrix M(R) becomes an n X 1 matrix whose elements ar¢ m; = (@ 3
| 1 if (ana)eR
with a: =

0 if (a.a)eR
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Example 1: Let A = {0, 1, 2} and B = {a, b} and the relation R from A to B defineq by “ Example 3: Let A ={a,b,c} and B = {1,2y
R ={(0,2),(1,b), (2,2)} | Solution: b
Solution:  axB={(a1).(a.2).(6.0)(b2)(c.1)(c.2)) i
Here A= (a), a,2)={0,1,2) R, ={(a.1),(b.2).(c.1)}, R, uxu.wv,?bv?.wd
B = (by, b;} = {a, b) _ R, ={(a,1).(b,1),(c.1).(c,2)}
Note that my, = (a,, by) = (0, a) because (0, 2) € R ,_ [(a,1) (a,2)
my2 = (a), by) = (0, b) because (0, b) ¢ R | M(AxB)=|(b.1) (b2)
M = (az, b)) = (1, p) = 0 m (e1) (c2)
my =(a, by)=(1,q)=1 1 0 01 1 0
my; = (a3, b)) = (2, p) = 1 -~ M(R,)=|0 1[;M(R,)=|0 1)M(R,)=|1 0
my = (a3, b)) =(2,9) =0 . R 01 11
Accordingly the matrix of the relation R is .
10 1011
M(R)=(0 1 Example 4: Let M(R)={0 1 0 1
10 1010
: Solution:
Example 2: Let A = (a,, a,), B = { by, by) We can write the associated relation R.
Solution: . M(R) is a 3 x 4 matrix and hence take
Then we have AxB n:u:v_v.?_.vuv,?n.c_v.?ﬁy ) A={a,, a,,a,} and B={b,,b,,b;,b,}
Consider the following relatjons, . ~ R={(a,,b,), (a1,b,),(a1,b,).(a5,b,), (a2, b,).(23.b,) . (25.b, )}
R, u:».&;.?r?:. R, n:»_.cuv.?“c_ )}
R, u*?_.c.v.?_.f.?es x i 2.16 Graphical representation of a relation:
We have the following matrix representations _.U.MH.QM.”“ M..”M”%M:—”M..M ﬂ-:.:o set A(RcAXA). Then R can be represented pictorially as
M(AxB)= (a.5) (a,.b,) deséi
(a,.b,) (a,.b,) : escribed below.
M(R, )= A_v w M(R,)= MV A_v . . Step 1:
1] (i) Draw a small circle for every element of the set A and the element is written within the
MR 01 _ circle. These circles are called Vertices or nodes. (if it is, one circle then it is called a
vertex or node)
T i
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Step 2: i o4
(i) Draw an arrow called an edge from a vertex a, (0 a vertex a, if and only if (a;, a) e R |

oo 3,

This pictorial representation of R is called a directed graph or diagraph of R. .
(i) I (a a,) also belongs to R, another arc is drawn between the two with mvvqounmmo
indication of direction. Sometimes we use the same arc with pointed row in both the

directions. So for (a), a;),€ R and (a2, a)) € R. The digraph is as shown below.

ONCIEMCINC

(iii) For (a,. a) € R, we draw a small arc which starts from one vertex and returns there only,

Such an arc is called a ‘loop’

For (a;, a;) € R, (a3, a;) € R, (a, a;) € R, (ay, a;) € R the digraph is as shown below
Q,
ONROS

(iv) If a relation is pictorially represented by a digraph, a vertex from which an edge leaves is
called the ‘origin’ or the ‘source’ for that edge and a.vertex where an edge ends is called
the ‘terminus’ of that edge.

(V) A vertex which is neither a source nor a terminus of any edge is called an Isolated vertex.

(vi) An edge for which the source and the terminus-are one and.the same vertex is called a loop;
(which is already explained above) o

Note: Alternative notation for the digraph. .
h Ve ; _
Mcv b set of all vertices, E = edges (arrows) corresponding to vertices, Digraph G = (V, E)
ii inati en
e number of arrows terminating at a vertex is called the In degree of that vertex denoted

by L. This i .
y 15 15 equal to the number of right co-ordinates of the vertex in the ordered pairs

of R.
(iii) The numb : :
v er.0f _w:osm leaving a vertex is called the out degree of that vertex denoted by
d- 1s equal to the number of left i ; .
— eft co-ordinates of the vertex in the ordered pairs of R.

BCA - Discrete structures .

Illustrative Examples:

Example 1: Draw the digraph of the relation R = {(a, b), (b, b), (b, d) (¢, b), (¢, d), (d, 2),
(d, c)} defined on the set A = {a, b, ¢, d)

Solution:

OO

We observe that there is a loop at the vertex b. In degrees of the vertices a, b, c,dare 1,3, 1,2
_‘omvno:é{. Further out degrees of a, b, c,dare 1,2,2,2 respectively.

Example 2: Let A = {1,2, 3, 4, 5} and the relation R = {(1, 1), (1, 2), (1, 4), (3, 2)} defined
on A. Draw the digraph of R.

Solution:

The digraph is as shown below ®

We observe that vertex 1 has a loop and the vertex 5 is an isolated vertex.

Indegrees of the vertices 1,2, 3,4 are 1,2,0, 1 respectively and the outdegree of the vertices 1,

2,3, 4are 3,0, 1, 0 respectively.

WORKED EXAMPLES:
Example 1: Let A = {a, b, c}and B={0,1} and R = {(a, 0), (b, 0) (c, 1) be the relation from
A to B. Write down the matrix of this relation.
Solution:
We have A = {a, b, ¢} and B = {0, 1}.AXB n:».s.?;,?,8,?.;.?e.?i .
(a,0)e R,(a,1)¢ R,(b,0)eR,(b.])e R (c,0)e Rand (c,1)eR. :

10
~ M(R)=|1 0
01

\\\.\\\
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¢ the relation on A defined by (a,b) € Rif ang only A

: = 4)and R b
Example 2: Let A={1,2,3
if a < b. Write down R as a set of ordered pairs. Also write down the matrix of |

relation.

Solution:
Q,a_.__ A={1,234] _
- AxA={(L1).(1,2).(13), (1, t.ﬁ.:.G,s,?s.ﬁ.é.

(30).(32),(33).(3:4).(4.1).(42):(43).(4.4)]
Now R ={(11)(1,2),(1.3)(14).(2.2),(2:3)(24)(33).(.4).(4.4)]
1111
o1 11
001 1 |
00 01 3

M(R)=

Example 3: Let A = {1, 2, 3,4)and R = 2— 1, 1, 2), 2, 1), 2, 2), (3, 4), 4, 1)} be a
relation on A. Draw the digraph of w

oo,
0 ]

Example 4: Let A = {1, 2, 3, 4} and let R be the relation on A defined by aRb if and e___w~ =
b=2a.

Solution:

(i) Write down ‘R’ as a set of ordered pairs

(ii) Draw the digraph of R. ;

Solution:

A:—v —UO~0:—.—:—0 the —:ﬁomﬁﬂnm and O—:nﬁﬂ rees Vi .
W Om. 90 G—A_OOM n 50 Q—Wﬂﬂﬂ—f

Given A MFN.w.: using a R b defined by b = 2a, we write
(@) R={(1,2),(2,4))
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(i) Digraph:

O—O
® ©

(iii) From the digraph, we observe that 3 is an isolated vertex. The indegrees and outdegrees are
as shown in the following table.
1124

Vertex

Indegree [0 | 1|1

—_
o

Outdegree

Example 5: Let A ={a, b, ¢, d). Ris defined as N

R ={(a,a),(a,b),(b,2),(b,b), (b,c),(b,d),(c,d),(d,2),(d, )}

(i) Write down the matrix representation of the relation R.

(ii) Draw the digraph of R

(iii)Determine the 5-%%..8 and out-degree of each vertex or node.
Solution: . v

We have A = {a, b, c,d}

(a,a) (ab) (ac) (ad)
(ba) (b.b) (bc) (bd)
(ca) (eb) (c0) ()
(da) (db) (dc) (d9)

(ii) Digraph of R:

OO
2
ONNO?

M(AXA)=
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and let R be the relation on A defined by aRb if and only jf

Example 6: Let A={1,2, 3,4)
«g divides b”,
(i) WritedownRasa set of ordered pairs

(ii) Draw the digraph of R
(iiii) Determine the in-degrees and out-degrees ca the vertices in the digraph.

Solution
@ xuxzy:by?agrekpukpskyskﬁax

(i) Digraph of R:

. ' ' : (i)
°.

(iii)
Vertex 11234
Indegree | 1[2]2]3
Outdegree 4121111

Example 7: If R = {(x, y) | x > y) is a relation defined on the set A = (1,2, 3, 4}, write down
the matrix and the digraph of R. . ,

Solution: .

R={(2.1).(31).(3:2).(41).(4.2),(4.3)
000 Of . .

ME g
WL gl ; )

°. . dhL : | h...,..
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Digraph of R:

Example 8: Find the relation R determined by the digraph given below. Also write the

matrix of the relation.

m.e_._no:.u

R={(1,2).(2.3).(2.4),(3
0100

1

001
MR)=|y | 1y
0001

Example 9: Find the relation R determined by the digraph given below. Also write the

matrix of the relation. -

Solution:

R ={(a,c),(a.6).(c.d),(c.0)-(dF).(e.b)(.d)) : ,

!
\
ke
_
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(= =)

M(R)=

o O O o0 o -
o O o - O
o o - O o o

o O o © o O
o —- o

o - 0o 0 o ©

w the digraph G= (v, E) given that'V = {a, b, ¢, d, e), E = {(a, b), (a, 0

?§§§?§F§
Werite the in degree of vertex a, and out degree

- Example 10: Dra
?§?§F§??
Also write the matrix of the relation set E.

of vertex a.

Solution:

CEPD
5 ,

01100
10100
M(E)=|1 1 0 0 O
10001
00 110 g

In degree of vertex ‘a’ = 3; out degree of the vertex ‘c’ =2, ,

EXERCISE:
1. LetA={ab,c,d}andR = {(a b/ 0,58 A
A=labe = (@ a), (a,b), (b, a), (b, b ion on AR
‘Write down the digraph of R. oo G. e 1
z = I , |
”& .M {1.2,3,4,5,6} and R be the relation on A defined by
={(12),(1, . .
(12),(1.4).(2.3),(2.5).(4,2),(4.5).(5.3),(5.6).(6,4)}
Draw the digraph of R.

BCA - Discrete structures 3@

—_ - = O
o - © ©
- O © ©

(i) Write R and draw the digraph of R
(ii) Write down the in degrees and out degrees of all the vertices.
4. Find the relation R from the following directed graph of R. Obtain the in degrees and out

degrees of each vertex. Also write the M(R).

Q
Gl ©
OB O!

s Let A= (1,23, 4 6] and R be the relation on A defi
set of ordered pairs. Draw the digraph and matrix

:oadwxwu‘ﬂ»:aoiqnxxwww

multiple of y”. Represent R as a

representation of R.

ANSWERS: alk 4
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1.- Reflexive and Irreflexive relations:
A relation R on a set A is said to be Reflexive if (3,a) € RV a € Al
A relation R on a set A s said to be irreflexive if (a,a) & R Va € A.
Example: Let A = {1, 2,3}
R, ={(11).(2.2),(3.3).(1.2),(2.3)}
R, ={(1.2).(23).(3.1)

R, is reflexive, where as R; is Irreflexive
110 00
0 1 1];digraph:
001

ZAW_VH

S © -

010
5. wu:_.:.?:.s.s,@;.a.uv.?;.?s.?a.?.c.ab.?.ur?b: M(R,)=|0 1 |; Digraph;
100

Digraph of R:
Note:
SS3IWaHL (i) In the matrix of a reflexive relation, all the principal diagonal elements are equal to 1

every vertex has a loop; in the digraph.
(ii) In the matrix of an irreflexive relation all the principal diagonal elements are equal to

P o v 2 ) zero. No vertex has a loop in the digraph.

10000 \ i 2. Symmetric, Asymmetric and Anti-symmetric relations;
M) = ” A_V A_v M M N : ._. A relation on a set A is said to be . .z%u 7
. . i P (i) ‘Symmetric’ if (a,b) € R= (b,a)e RVabeA &V
“. ” A_V A_u A_v ¥ (ii) “‘Asymeetric’ if (a,b) € R=>(b,a) ¢ RVabeA 7&7 .
! (iii) Anti symmetric if (a, b) € Rand (b,a)e R=>a=bVabeA
A ¢ Example: X .
2.17 Types of Relations w LetA={1,2 3)

R, ={(1),(1.2).(2,1).0.3), (3.1 symmetric
R, ={(1,2).(2,3),(3.1).(3.3)} Asymmetric
R, nﬁ..:.@.mv.ﬁu.ux Anti symmetric

‘ [ ——N i :vﬂ Y
i W ve g-—ﬂﬂ mﬁcﬂ—& S O-n —NO—N:O:m =N__=O—( ”ﬂ—.—ﬂx_cﬂ
1 now ~.= t section we N A—
unit —4 w—_m t E&% 50 same ﬂﬂ—wm_nv:v A—
1n a

Q.—WO
uss N—_ H—..G _N_N:O:m n 2-0 —vﬂ_mvonuﬁ_<n Q‘ matrix N—-Q ar —..v—=
: v 7

Symmetric and transitive under

ition to-few more relations and.

cal representations.

] e
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Matrix 2?.82.8::5 ;
111

M(R)=[1 0 OM(R:)=
100

- o o
(=

Digraphs:

RS
Re 5 Ryt °‘ 3 @

Note: Matrix of a symmetric relation is 2 symmetric matrix

3. Transitive and non-transitive relations:
A relation R on a set A is said to be stransitive’ if (a, b) € R and (b, ¢) € R then (3, ¢) e}
VabceA
A relation R on a set A is said to be ‘non-transitive’ if (2, b) € R and (b, ¢) € R tha
(a,c)e R¥abce A

Example: Let A = {1,2.3]

R, ={(1.2).(2.3),(1.3)} Transitive

R, ={(1.2).(2.3).(3.1)} Non-transitive

| RS S | 010
M(R,)={0 0 1:M(R,)=|0 0 1
000 100
Digraphs:
W) ¥ (=4
”_.. —ﬂuu
) ©

A relation R on a set A is sai i
is said to be an equivalence relation if it is reflexive,

 Ris irreflexive, became (1,1) € R(2,2) & R.(3,3)¢ Rand 4,9 e R,

BCA- Discrete structures
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WORKED EXAMPLES:
Example 1: Verify that the relation represented by the following digraph is anti
mw._..:.on.mn and transitive. ;
O
—)
Solution:

From the given digraph, we have R nﬁ_.c.C.NZ-B.C.&.Gﬁ.&.?r&,?.Nv.?.&.ﬁ.uz
R is anti symmetric because (1,2) € Rbut (2, 1) ¢ R.
R is not transitive because 4,5)eR,(5,3)c Rbut(4,3) e R.

Example 2: Verify that the relation R represented by the following matrix is irreflexive

and symmetric.
0101
1011
M(R)=
0100
1100
Solution:

From the given matrix, we have A=(1,2,3,4} and
R u:rnZ_é.G.c,G.&.?&,G.s.?:.?2

R is symmetric because (a,b) € R=(b,a)e RVabe >..—.Emv8vna.mwun.mm&?—.w=9n
ordered pairs of R.

Example 3: The diagraph of a relation R on the set A = {1, 2, 3}is given below. Examine
whether R is an equivalence relation.

g
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. (3.2).(13).(3. w :
{(L1) (2.2),(1.2).(2.1),(2.3).(3.2).(1.3),(3.1)) 4. Arelation R on the set A= (1,2, 3] is represented by the digraph given below show that R

168

Solution: m
From the given digraph, we have

i uivalence relation.
We observe that (3, 3) € R. So R is not reflexive and hen 2 :

ce R is not an equivalence relation . |
|
1

Jation R on aset A={2, D ¢} is represented by the following matrix.

Example 4: A rel

101
M(R)=[0 1 0

001 ‘

: ether R is an equivalence relations ; 5. A relation R on the set A = (1,2, 3,4} and let R be the relation defined as
Exami isan
Shiniad R = ((a b) 12 <Db, a, b, € A} show that R is not an equivalence relation and draw the
Solution: ]
From the given matrix, we have R u:n.mv.Am.nv.?,cv.ﬁn.nz digraph of R.
ANSWERS:

R is not mwMaBnB.n because (a, c) € R but (c, ) & R

Therefore R is ot an equivalence relation. Not reflexive, Irreflexive, symmetric, not antisymmetric not transitive.

1.
2. Not an equivalence relation

EXERCISE: 3. Digraph:
1. A relation R an a set A = {1, 2, 3, 4} is represented by the following matrix
0101 _ @
10
M@®)= 10 :
0100 .
1000
Examine for reflexive, irreflexive, Symmetric, antisymmetric and transitive relations. 4 Dieraph
. ] . Digraph:
2. A relation R on a set A = {a, b, ¢, d} is represented by the following matrix

o

Examine for equivalence relation.

3
The matrix of the relation R is given below. Show that R is »: 3:2»_2_8 relation and

draw the digraph of R,
100
M(R)=[0 | |
oo

3




